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B1E BREM

W, ERRIZ X > THESNEYHEORIZEGEZ RET2MTH L, B
Ex5, MR n-YHEER, FIXIXHEROHOMNERED SFRANSN, £
NOIFTRTER (L0 EMIZIZEHR) THh5, ThICH b T, e
B CHZBBGRZ DA 50 ?FEBOAN SR HMEwRTIZE S LTA+4
BMDIZADMD

ZTNIZRTBEZ2IE. ZORHO#EREZEBELU CTREZEZTARL L,

ZORHDEEZMEZT-RRT, EREEGRPVMIELL PHFEIZE VT
CARITENEETH B0, #HESITEADZENTENX. ORI

WIZHE U3 r Ao TH, HIEBEBOMER I NE B U N o726, Z
DB IZHBABEU-HER P SZEEIREE, ZTOEMLEN, T B0
EoSIZHBEINZ LT -

1.1 B3R ERIEI

Keywords; AL, EEB. Ko A FHE, MuE, FA, SREEn 85
. Euler DA, RADOEM, LML, #5. EHI. Cauchy-Riemann B, FHFI
BE%. FEABURE. FAME4

1.1.1 #ERBEZTDEE

22 = -1 OfDO—2% | X UBEKENM (imaginary unit) & ITS, #BHFREK
(complex number) 2z &, 2 DDFEK v, y L EHEAL i W T

z=x+1y

DEIITRINDZETH 5B,

FEHDBERR ED 1 HTRINB X512, EHEBILES (real axis) & U REEH
(imaginary axis) % % 32 1R & #EflZ B> 72 2 ko6 ED 1 it I N5,
Z DO % EFRFHE (complex plane) X 72137 7 X @ (Gaussian plane) &
3%,

10 AFH DR 2 O R E TORHREE |2| & & S EBRE 2 DIEXHE (absolute
value, modulus) &\ 5, w2 &R ZAESEMRDOEM»S DAEZE argz L HE
A (argument) £\ 5, 2 DDOEFEHOMD 4 AIFEE, BIL. IEERS EH
TN, FNSDHHY LM EICRRT B LHERTH L, £z, HIEEEHDRB
DG EZEAZT2H D% H#1% (conjugate) HEH L\ 5,
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1.1.2 E=REAHDH
EREER. BB, 1 DOEER 2 »SMOEEL f(2) 2IEOF 2 DIziE

5) #EIBI (irrational expression) vz, 213 .

RDESREDNH 5,
(1) f(z) =2*
(2) REFEMBAH (power function)  f(z) = 2"
(3) %IE (polynomial) apz" + a1z '+ .. +a,
(4) B (rational expression) (ZHR)/(ZHN)
(5)
(6)

6

(7)

(9)

1B H L (exponential function) : &R E LU TE

o0 n

1
El+Z—|—§Z2—|—...= > % V2 12D W TR (1.1)
n=0 """

=ABE (trigonometric) : Hh e U TESR

. _ 1 1 5 o — (_1)71 2n+1
sinz = Z_§Z —i-gz — .—ngzo (2n+1)'z (1.2)
1 1 > (="
cosz = 1-— 52 + EZ — = TLE:O (271‘) P (1.3)

A (CD)~(3) & . 2z =10 (0 1ZFEE) D L & Euler DA

eiezz() 0" = cosf +isind (1.4)

|
nOn

MWD LD, Tabb, e iE, ME 1. fFA 0 DEEHRTH 5,
Wz, 2 OFIE r = |2|. fWAORS 2 =re &hT 5,

B (logarithmic function) : FEHBIMOYEI, L, e = 2 D
& E,
Inz=1In(e")=w (1.5)

TH5, zlEEuler DARXEHWT 2z = |z]exp(iarg z) & DT 5 DT,
w = ln{|z| exp(i arg Z)} =In|z|+iargz

L85, Rl arg 2z 1213 2r DBBUEDANEMWDNH 20, #iPE (—m, 7] 12
[R>72% D% RADEE (principal value) &\ Argz & EHL, 5L,
argz = Argz +2mn (n = 0,41, £2,...) RO TInz DEIF—EIZHRE 572
W, HIH ZAfi (many valued) BE#(TH 5,

BHRBODERRNEFE : 0,2 CLTHL

a®* =exp(zIlna) = exp [z (In]a| +iarga)
TEHT D, T, —MITIE () £ a2 L7325 2 LITHER,
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1.1.3 #EFREHOM & ERIREK
BRI f(2) DB (derivative) 1%
oy = L+ )

Az—0 Az ’

AzeC (1.6)

TEHEI NS,

Az =re? 2 UT, AUDRIRE% lim 6:@'5 &, Az Dfm, BB 0 OfEIZ X -
THRDMEIZZED D 5 5, ZDOMIRD 0 12 K 5722\ I hm PIFEL . HEEK
f(2) & 2z THIDAEE (dlfferentlable) LWV, %E)nﬁf'k (domam AR
DCCODEREDR 2z DT f(z) IDAIRETH S L &, f(2) 1& DIZTHWTIER!
(regular, holomorphic) TH 5% & L\ Do

1.1.4 ERIEHDEEZTHKH (Cauchy-Riemann FE%R)
BEEB »=a +iy (v,y € R) ICBT 2EEBE f(») &

f(z) = f(z,y) = ulz,y) +iv(z,y);  woveR
DEIITKRT, T5&,
(i) Az=Az e RDY X,

ot = [HARD ) el An) o)
Az—0 Ax Az

ou . Ov

(i) Az =iAy (Ay e R) D& &,

. ulz,y + Ay) —ulz,y) o v(xy + Ay) —o(z,y)
7 —
(rB) D434 Algl/rilo l Ay +1i Ay
0 0

Bz, B U f(z) 22 TEAIZARSI1E, (C0)=(8) 2D T

ou Ov ou ov
T ) 27 )
or 0Oy ” y ox (1.9)

TRITNIE R S50, Th% Cauchy-Riemann BfRR (Cauchy-Riemann re-
lation) &\ 9,

12y FERE u(x,y), v(z, y) S Cauchy-Riemann BAFRA 2 i 72§ IR 1%, #EEE
B f(2) I ZIEHITH A 5 9?FEIZ. DD T u, v BRI FHET, du/dz, Ou/dy,...
DYHAE T H UL

dula.y) , , Oulz.y)

w(z + Az, y + Ay) = u(z,y) + g a9y

Ay + o(Azx, Ay)
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mECEMATE, (D) XAz DD FIZX o, BB, f2) XERMTHE I L
D,
BEBA : Az =Ax+iAy 295 &,

() o5 = lim |WEFATY Ay Zulay) @t Avy + Ay) — olz,y)
Az—0 AZ AZ

R BM, ZOAEUOE—IH, KO, BIHIZZLTN
u(z,y) + (Ou/0x)Azx + (Ou/dy) Ay — u(x,y)

B—IH = lim
Az—0 Az
. (Ou/0x)Ax — (Ov/0x)Ay
= lim
Az—0 Az
ST - lim i(@v/@x)Am + (Ov/0y)Ay _ lim i(av/ax)Aa: + (Ou/0x)Ay
Az—0 Az Az—0 Az

Y7550,
(CH) ®AE = lim (Ou/0x)(Ax +iAy) + (Ov/0x)(iAx — Ay)
Az—0 AZ
 ((0u/ox) +i(00/02)) Az 9y ow
- Aliglo Az = ox lﬁix
b, (D) OMRMBEET 2 2 LRI N5, -

Bl BREWE T DEREK.

flz]2] 1/z flg(2)) Rez | |[z]?
)2z -1/22| fllg(2)g(2) | ———| —— —

1z =2+ Fu=22+y? BELFv =017, Cauchy-Riemann %
7= X720,

1.1.5 FAFIEEEK

Cauchy-Riemann BfR= () & 0
Pu  Pv  Pv  Pu
0z Oxdy  Oydxr  Oy?
DT, EHIBIEOEE v i

Pu  Pu

ox2  Oy?
AT, FRRIZER v IOV TH

o o

ox2 = Oy?

%, ThH0fAERNIE (27%50) Laplace 5123 (Laplace equation) & \»
W, 2L (2o6) FAFIEE (harmonic function) &\ 5, b,

4



ERIBEE D FE B L ORI 2 ¥kJT Laplace HFEAZ 729,

IEHIBEE D Z OB IE, 8  R B RA M 2 72 3 2 PO BRSO ER T v v v
WERDLDIZHNS Z BN TE S (FAEKE).

1.1.6 FAER

BRER f(2) & dDERE 2 S HOER B w = f(2) ~DE (mapping) &
AT N TES, ZOGHEAVSE L, 2 FH Eicfinn-iifjis, w ¥k
DORIFRIZE I NS, 2 Ml EIZHPNZEED 2 RO L 5D R T ML, T
5% wEMIZE UHfRO R AL BEL VR, ZD0E4%2FAER (conformal
mapping) £ & D,

EHE 1.1 f'(z) £ 0 DK T, ERBE f(2) 2L 25 B w = f(2) IXFEMEHIZIRS.

SIERR:
B3 2 i EDOHKR 1 S HIAR 2 23 20 TR TED, 2z Dilr < DR
1 EDO%E 2, W2 EORE 20 295, Thoxk w = f(2) THL
72 D% wy, wy, we &L, Azy =21 — 29, etc £ T 5 &, 2 DDEHHD
ZHBAEE ¢

0 = arg Azy — arg Az, ¢ = arg Aw, — arg Awy.
LRIND (MTm, —4,
d d
Awy = f(z0 + Az1) — f(z) = dJZCAZh Awy = dﬁAZ}

BUz. B L Af/dz £0 551

o = arg (jﬁA@) — arg (jﬁAzl)

d d
= arg df + arg Azy — arg di —arg Az = 0.
SEER#R

Bl w=22=2%—y?+i2xy
B2 w=.z
3. w=Inz

Z i 0 _ ‘.‘"./
/// 1 e met

[Zo _— > AW T

| /g 1

1.1 EHIEAE w = f(2) THEI N3 2 KO HIHL,
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1.2 #BREODED & Cauchy DED EIE

Keywords; #3877, Cauchy O EH, BEHEMHEE, Cauchy DS AR, Taylor
JEBH. Laurent FEHH. BmAMEDJRHE, Liouville DEH, REEHE, MBI, LR, £
%B\ j%':r::'/;ﬁ\;\ _‘ﬁo)iii

1.2.1 #EXRESD
FREE C 12 - - EREE f(2) DFES I,

/C fe)de= dm 3 f(e) (= zi)

n—00 4
\zi—zi_1|—>0 i=1

DES, MEHTHEESNE, BECP, {C:2=2(s), s € [0,1]} £HTTL
LrE, ZOMEMNE

1 dz
/C f(z)dz = /0 f(2)7ds
DESIZHRINE, EELVONELEDIZ, BEODOMHEIZBRBOIEE A LKA BOD

AT BRFOREE CIZE L5,

EIHE 1.2 (Cauchy ODEDEHE) f(2) PEEHMEE (simply connected domain)D (2
BT BRI O, D NOEEDMHER C 12DV T

740 f(z)dz=0
L85,
%R 1.1 f(z) PEGERSTHIS D (251 B IERIBB DK, B OMEIZREOGMM A L8R B

DAL D, BB, IR EREDFE DR C 8L T Cy 1T/ LT

/01 f(2)dz :/ f(2)dz

Ca

SIERA:
f(z)dz—/02 f(z)dz = /01 f(z)dz+/c2 f(z)dz = ?{Clcz f(z)dz=0

AEBA#E

BI%. 2088 f(2) ORER (indefinite integral) F(2) 7 F() = [ Cf(d T
0
EFRIND, Wi, —RITIIERBEBOAEMDFER I NN L2ERL &5,

OEHIA Z T 20112, 27KJT Stokes DEFH Z R L TH L,




EIE 1.3 (2RJT Stokes DEIR) C IFFAMIKR. R 1% C TP X 42 BERE RIS O i,

//R (—gz + 22) dedy = 7{ (udz + vdy)

EIEFR:
R C % BB C, E N O iR T, ENENC, Yy = yu(2)

(11 <2 <19),Ch:y=ya(x) (11 <x<139) DEDITRINDB LT B,
g5, C=C;—C,7%DT,

//8“ay dady _/ dx/ydyu)dy
= /I1 dx [u(:v,yu(a:)) — u(:v,yd(m))}
= w(z,y)de — | w(z,y)de = — ) w(z,y)de = — ¢ udz
Cu Ca Cy—Cl c

[FIARIZ,
//R —dxdy —]{ vdy
AEBA#E
Cauchy QR EE DL :
A A DR E
f1E = f uley) +iv(e,y)] (de + idy)
= %Cudx—vdy +27{c vdz + udy) (1.10)

(M) 1Z Stokes DEH Z WS & |

fcfdz = // (—85—(%>dwdy+z// (—(%Jr x)dxdy—o

HU., Bf&D5% 5T Cauchy-Riemann BAfRA%Z W72,
SIEER#E

% 1.2 (Morera OER) HsiEHI D CTullfii M @R f(2) 5. D WOEE D PR
23U j{; f(2)dz =0 % 51E, f(2) 12 D CEATH 5.,

S EA RS

EH 1.4 (Cauchy DFEZRARN) f(z) VWHEFEHE D CIERZERBERE T L. f(2)

I&
f2) = o 74 MO ¢ (11)

27i c(—z

rRIND, HU, CldzZ2EBIIz—EPFES D NOH R,
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ENs ., EHIBEEOMEIZE b TOERGEZ S nIEEE 5
EIEAR:
C,% z ZHNT R p DEFA Y DA &9 %, Cauchy DMDER L D,

f©Q) .. 1 fQ
é)(—zdg— c,(—z

DD LD, f(2) I3 R DT, p2+a/NE KHENIX, [EED e >0
XU f(QO)—f(z)| <e&T&E%, AL, (IEC, LOEED R, #IZ,

e Pad - |f HEE

d¢

£() = f(2)
< %—7?—Tfmq<  §, 1ad] = 2ne
clZp—>02T38, WSHTHNILLTEBDT,
o SO S
i f, F250 =l f, £500= e iy, 2Zac=mints)
WOz, (L) IREE X vz, FIEAR#E

HiH, ¢ ECOAEMBEBROME f(O)MWEX5NTWEEE, CODHNEETDZD
BEIS f(2) DA (CTD) 12 & > TRD BN B, DRSO EESI

)= f T

2mi Jo (€ — 2)?

THZ SN, WM f(2) 12 CRETHATHTSH S Z L B0 5, AR, nk

HEH® '
f(”)(z) — L% (Cf(onﬂdg

2mi Jo (C — 2)

WZEkoTHZONS, HIL, FHIFHMOEREKE EHl, ZhzigEvikT e
IERIBE B R BEI AT RE T H 5
NP TS AR

% 1.3 (RKEDIRIE) f(z) Ml D TEMABEBTLOERTHRVWE TS, TDEE,
|f(2)] 1& D DWNETEZ DERKEIZET D T 21370,

FIEER:
(5T L) MIT. WD 2 = 2 THRKAME | f(20)] = M IZ7o7287
%, I5&,
1 M
el = g £, 2L aq < o f A jact = - Mo~




LR AEH, A BA#&

TR o 5 % PR < 2 AE BV CEH) 7 B £ % 2EBA#K (entire function) £\ 5,

% 1.4 (Liouville DER) GHLEEBIIERTH 5,

EIEFA:
Cauchy DFEA AN L O, BEEHIZN U THMEREDE R a 12 LT

f'(a) = 217” fe (Zf_(ZC)L)2dz

MDD, G B C &2 a2 3258 %r DML 5, f(2) 1
BHRBEOT, FREDO 2 IZHUTI|f(2) < M &% M M»HFHETSDT,

L 1f(2)]

21 Jo |z — al?

[f(a)] <

1 M
|dz] < 2——227rr —0 (r — o0)
Tr

BB, fEED a il UT f'(a) = 0D RINDE, BT, HEREK f(2) 1T
RE R FIEAA#E

e — 0 miE:

BT, MROEHRZ T DI, UTFDE S22 0wb 5 e — ik & <AV
505, BIAIE,
lim f(z) =0

r—a

BB, 2 a DB, f2) BOITIERT2E WS T %, e — §METIR

FREDe>0IHL, [r—a| <dmSE|fx)—bl<ec £B2E5%06
BEAES B

W5, HIZHL T,
Ve> 01T LT, |z —a|<d=|f(x)—b <e

DL SR T B,
£ —D20Hl% EIFB e, Sl {2, :n=1,23,...} D’n = oo Ta KT
5. Bib,

lim 2z, =a
n—o0

(8
Ve>0 TN ULT, N:n>N=|z,—a|<c¢

EREEIND,



1.2.2 Taylor &R & Laurent B

BREW f(2) 2D DEFEBaDEADIT (2 —a) DREFPHTRT L HMLZ &
DH 5, (z—a) DIEOREDAIZ X BN SR Z Taylor R, HOXE%2E
LN E R % Laurent &HH &\ 5,

Taylor &R

BEEK () 2=aTERMET S, 2 % f(2) PIEEAITRVAED D B a iTHD
FEWRELU, p<lar—a| &T5, $5&, azhbeT2ERpDHEC, LT
TNEELH 5 HERFILT f(2) IZEAIZ2 DT, Cauchy DA ALY C, DN
MO 2 1T U

1 f(Q)

f(Z):% CPC—ZdC

YEID, (RC,DLEEHBEE|(2—a)/((—a)| < LICHEET B L. 1/(C—2) &

1 1 1 1

(-2 C(-a—(2—a) (—a ;_Z7-0
(—a

B 1 a zZ—a z—a\’
- +<_a+ e + ..
DL, (z—a)/(C—a) DR TRIND Z D015, T OREIL., IR

(absolutely convergent). 7*2, (IZ2DW\WT—FINR (uniformly convergent)
THDT, HHIED T DI eWHkD, HIb, f(z) RIERIZRMHE C, AT

i) = 4 1O a+i=2 4 f(©) d<+(z—q)2j§ 1O 4oy

omi Jo, ( —a 2mi Jo, (¢ — a)? 2 Je, (¢ —a)3
/ 1 1! 2 i f(n)(a/) n
= f(a)+f(a)(z—a)+§f (a)(z —a) +...:Z% o (2 —a)

DEIIZEHTE S, ZDRERF% Taylor B (Taylor expansion) £\ 5, D
I DK PR |2, — a| TH B, Taylor BT E 5 Z & % BHHY (analytic) &
S\, Taylor &R T & % B8 % @A (analytic function) &\ 5, BB, “IE
HI” & “fri) (ZIRIEFRFZR I Hbh B,

Laurent &R

O Taylor JBBHIX, F1E |21 —a| DDA TIPSR U 72\, £/, EHEBER f(2)
Mz =a TIEAITARWE 1213 Taylor BRHIZTE R\, £IZ T, —fRIT f(2) DIE
HITHRWRZ EOHOATIORT SEHIZED LS LB DIZR N 2E X LD,

f)B ez TEHHELMEC, & C, BLUOZEDOMZET H 5 MHIET—fiE
HIE$ 5, 22 CL e CoDfIZhdre U, HIZz2ZHAC, & Cy DEIIZEEN
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5% Cy £ 95 &, Cauchy DR AR KOS ERZ FHWT f(2) 1JIRD &
SITRIND,

_ ! f©Q .1 f(€)
1) = omi C3C—zd - 2mi jgﬁ—@@—zdg
_ 1 f(<) 1 f(©)

N Tm'clg—zdc_% @C—zdc

ZIT, O ETIE|IC—a|>|z—a| ITEET DL

e
LB, £, Cy ETIEI|C—al <|z—a|72DT,

ciz:?z—a)i(c—a):‘zia'io(ij)n

B, TNSOREMAEHNDS L f(2) IFIRRD LS ICEATE 5,

o0 o0
Con

. ar (1.12)

772U, ¢, KU c_, I
o - ! faf@)dg 1 éf(odg

2ri Jo, (C— a1 2mi Jo, (C— a)nH
1 e
cu = g, O~y

ThHZ6N5, (12) AD & 5 %F% L7zER% Laurent BB (Laurent expan-
sion) £\ 5, Laurent READPURERX p< |z —a| < RDLDIZEIN, £Z
THREUE—ERITH B, HiZ, TD KD LT —liER] ZBE8UL,. Laurent &
MTE5,

Laurent BFAIZHWT, ¢, 2 & LHE %2 ERIER (holomorphic part). c_, 2 &
OkE % EZEER (principal part) £\ 5, W& Z — DD TERT &,

f(z) = i cn(z —a)", Cp = 217”?{0 ((i(cf))"ﬂdg

n=—oo

LTS, AL, B C 1 Oy T END f(2) DIERI TRV AR TR THE,

1.2.3 FERE—BOEE

IR U7, TIERIBIBUIIE D R E BURFH (Taylor BH) TE 51 WO MHE
2o, IR X512, T—HoEH] &S IERBRD & 072 o 7 EEAE )
ns,
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ERIBAE f(2) DIED 0 & 705 i E B R (zero point) £\ 5, a ZF i f(a) =
&35 &, Taylor BEADHIEHCc=0TdH b, f(2)DadDFb D Taylor EHIH

f(2) =cu(z —a)" +cpp1(z —a)" ™ + ... = (z —a)"g(2)
z) = io Cnam (2

LB EE, ald f(2) DnfId (n-th order) ER &\,

I3 D DR T T 5,

TE 1.5 (—HBOEE) f(2) & g(2) 2K D CHIZERLRBEKE T2, fLgDiEH, D

WDH2Z 1 DD a BB T 2H 255 {2} ETHELITNIX, 220088 f(2), g(2)

FIEER:
h(z) = f(z) —g(z) £ 5. h(z) 1FEHT h(z) = 078DT ha) = 0.
BB, z2=aldh(z) DERTH S, RIZZNDP niOERET DL,

hz)=(z—a)"¢(2);  &(2) =+ Cora(z —a) + ...
Y, 2=aDFEFETh(2) A0DIET, LBLINIEA(z) =02F
JEd 5, ZOFEIEZc, 0L RBnBHFETHL UDITEL T,
BUZTRTDORIZH LU Te, =0 TRIFNIER SN, DED h(z) =0
TRIFNER SV, ZOREFIXIHS MU ERER KD T, D
BIHTh(z) =075, LIRS

1.3 FESREBW

Keywords; Fifm. FREMRERFFRA, M, BV, Weierstrass-Casorati O
A, . MBueE

1.3.1 BES

BEREB f(2) PEHI TR WA ZFRER (singularity) &\ 5, KM 2 = a DY)
VUTWBAEHE, b, 0<|z2—a| <6 T f(z) DEIREGEE2EZ 5, IIMIFER
(isolated singularity) & U T, ARD X D1 ( ) IREFREL R R (removable
singularity). (ii) 1& (pole) (iii) EMRE R (essential singularity) @ 3 D
DEGEND B, (FDIENITHBERTH B ifl:ﬂU’CEL\fP T3t 9 %, )

f(z) DIV ER a D £ D D Laurent & %

f(z)= ...+ (ZC__BG)?’ + (ZC__QG)2 + (cha) +co+c1(z —a) + ca(z — a)® + ...
TEHIER

EEHR

95,

L a DA A OFEFER (accumulation point, limit point) &1k, o DIEED (NI 7R)
EREIZEH AIZEEND MV EREFEET 220D 2, ZOHA, ADHREAT a lZPERT 2
RA{zp : 2 #£a,n=1,2,3,...,} PEET B,
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() BRETEAEES:  EEHIRVEA,

2 4

1 f@pffzzy—;+;+m

(i) #&: FEHHPERHEDOEG S, ¢, A0 THEIHRRKDEPn DL E, aldnfi
DIFE NI, n=1D& EHEMBE N>, ZDIGE.

lim |f(2)] = o0

Thd, X'z,
00 (k <mn)
ti (= — ) F(2) = 3 cca 0 (k=)
0 (k>mn)

DR, z=ald f(2) DnDMBTHE I DTN 5,

(iii) EMRHES: FERPEEBHED? S 556, 2056, BU RO Weierstrass-
Casorati DEHDL D L5 lim f(z) FREE DAEIZIPUR U 722\,

EH 1.6 (Weierstrass-Casorati DEIE) a % f(z) DIV EMRRLAE T5, TDE E,
a \ZPRT 5 fi {2} <kh_)m 2 = a) EELITEIZLIZE T, EEOEBR w L
Tflz) 2w &d2ILHTEDU, |f(a)] 2002 TDHIEHTES,

AL A RS

Bl.  f(z) =exp(l/z) &THL,

7’—:“75) 6\ z = O cig‘l‘é*ﬁﬁ)ﬁ:o

ERCR N
flzx) = exp(1/zy) — o0

o {2z} ZEMODEADT NS 01TED K fifl {—x1} (21, > 0) £ T 5,
ER-RN
f(=xr) =exp(—1/xx) — 0

o TEDEFE w=re® 12720V LUT, 2, =1/(Inr +i(0 +27k)) &
WMo &, 2z, — 0 (k— o0) THhD,

f(z) = exp (Inr +4(0 + 27k)) = exp(lnr + i) = re? = w

13




1.3.2 B
0<|z—a|l <dTPHT S f(2) DaDFEH YD Laurent EHH %

o0

flz)= > calz—a)
ETBE 1 % f(2)Dz=allBT BB (residue) &\, T T Tid Res(a; f)
ERTILITT B, TR TRVWEBIRRREIZ LR,

EIE 1.7 (BHEE) EHRBL f(2) 2R C ONEBD n M DMK RN a1, a0, ..., a4, &
FROTIERITH % & &,

1 n
3 (0 = X Rt )
THhb, 9805, ELAOMNEC THENIRHRADOHYMDOMTEZ 515,

EIEAA:
CrayZhbhedBMHEE L, TOWNMNZH BFFRMIX ap 21T TH
5L9%, §%5& Cauchy DFEDEHIZL D,

1 L |
2m?€f<z)dz:,;2mfckf(z)dz

LEITD, f(2)Da, DED DER%E

f@) = 3 bz —ap)

n=—oo

L95e. Cy DM

1 I n
27m_%c]vf(z)dz = 5 > bn%Ck(z ax)"dz

n=—oo

1 0 27 . .
= 5 Z bﬁ/0 re™ire?dz = b’il = Res(ag; f)

L5, (HU, BRTPOEE THEOEBDER 2 —a), = re?, dz = re?idd
W, EEEE S

& 1.1 f(z) Difia TOHEIL,

(i) aDEHIEZRSIE Res(a; f) = lim(z — a) f(2)

y . e A m

(ii) a P mALOWZESIE  Res(a; f) = (=1l lim e ((Z—a) f(z))
THZO6N5,

SIEEARS

14




A [P e (o> 0) BEBEREMCTUFO LS
—00 T+ a

HTE3, ,

RSB Re [ S ds LD B, OB BANY
YEATY. s e a2 r = tia i 1 KON D D ZOEHIZZNE
N —e"/2ia & e /2ia ThH b, #I&C, ZEHD —R 75 R £ TODHE
4. ROy ZEUEEBOE L KE R OKEE D OFEO FREEIC S
AL TE, AL, RIFHHREREDOERL TS, T5L. B
C = C + Cy TR B DM » = ja ZHTGEAIRIZZ 2D T, O
> TOMDIIREER % VT,

eiz e @ e a
—  dz =2 = 1.1
?{cszLa?dZ m(Qz'a) W( a ) (1.13)

DESIZEHETES, ZOEUIZ

el = /R ﬂdx + Ldz (1.14)
== “R 22+ a? Cy 22 + a? ’
THHEMN, TOFE2HIFIUTFTDOEIIZR - co DMETY R L5 Z
EWRES, BB, FHRER || ITRHLT

s
22 +a? |z|?

Y75 M(> 0) MEET 2 DT, 5 2 HOMHEZL T O & 512 EIR

Al ZoNn5,
/+ S/@

Cy 13¥M7D T, 2= Re? LHENERE 2 0o 0 ITEHBT B2,

eiz
—dz

~2

eiz
——dz

A—A—ZIE _ d
| | : 22+ a?

<M
Cy

2| < M/
0

T e—RsinG M fm/2 )
- M ag =27 [ et
0 R R Jo ¢

iR cos0—Rsin 6 ’

GRWZReZGdQ

ks, ZTZT,
0 c [0, ;T} D I 29 <sinfh <0; (Jordan DAZEX)
T

IZHEET S L, BT

M [m/2 M w
/r-/rZIE 2.~ —2RO/m —9 - " (1— —R
| 55 | < 7 e dé R2R( e )—>0 (R — o)

(C12) RO 1 HDOFEHIE R — oo DR TRD 25 ITINKT 2D
T, Z ORT (CI3) OHADEHEE - T,

> cosx ™
ﬁdx: o a
—c0 T+ a ae?
2135,

15



B1. AZBIL EOWIZHIHEDZEETA2DIZIROELSIZU=, M
EW R R &,

COs 2

R 7 BE AL e D 2 = —ia & 2 = +ia 2B T B
. ENZEN — cos(—ia)/2ia & cos(ia)/2ia TH 5, Hl&FH
U C CINZMAdT 5L, 2 = +ia DEBDOA %D
DT,

c 22+ a? 2ia
Elb, DS E Cy DEF TDIESIE R — oo DMERT
YOz 50T, RDBHFETIE

©  cosx mcosta  wcosha
/ ——dz = =
—00 T2 + a? a a
Tbhb,
Fl:ﬁ 2. ?K@Eﬁ%%ﬁo
o0 1 T o sinx T
N R P R
1) 22t al |a| @) o w2

1.4 fRTES & Riemann H

Keywords; Riemann [, @i, EREEG. BREENR, BEER, 2B,
Pl TR A GRS SIS E - COpa BT

1.4.1 fRTiER

FHIk Dy CIERIZeE BB £y & FEI D, CIERIZZERZB fL D722 T 5, 2
DD Dy & Dy IFHEWIZERVEDIDRELZD, DX Dy IZEENLRVEZEED
95, Dy & Dy DIEERS DoN Dy Ty fL D follFLWE E, HIH

f1(2) = fo(2); z € Do Dy
DL E, EREKf %

o f()(Z) if z c DO
J(2) = { fi(2) if z € D,

£35¢, D=DyUD, CIEHIZLEE f 2 EEHETE D, Wz, “fy (FiFf)
% D IZfENTHEESE (analytic continuation) L72” &\ 5, —EHOEMIT X O i@ty
o —EM, b, 525007 fi(2) IR LT EOREZET fi(2) IZ—EW
ThdIEIFRFEEIN5,

BRNZ, B2 o7z fo il UT fL 2RkD B HiEE LTI RD 2 DD HiEN
H5,

16



I. BiEETER (NS X2 HE. BEHERAE)

9. ag € DyDEDY T fy % Taylor JEFIT 5., T DKL D, 2% Dy 125
FNTVRITNE, ZOMBERBIZE->T fH2EHRT DL, fuldDyuD, £T
BET&s, A/ ULTCHLZEZ, g € DDAV TITHRS>Z2i12&D D, T
ERINT fL2FHZEDHRD, INEHEVRT I LIZE DR~ LEEB %A
TR f 2 E B TE D, TD KD ARSI & 2 M B % 1B B fR AT it
(direct analytic continuation) £\V5, ZNH6D, fZEHRT S7-ODME* D
REHB % f OFEBMER (function element) &\ S5, Z D K S 7 f@trHfi A3 ]
WETHEBTETTEDDIFTERL, TNBEERTE RV WS B, B
RIER (natural boundary) BWElbNB Z L NH 5, Tk, ZOHEREICHE
DB DR NPT I A T WD 5T, ZDR/TNEBA THITHTC S &
WDTH D,

1.
1z 22 " 1 & n
fole) = 5+ g+ g+t g 2§:<)

TERBI NI f 2fRNTERT 2L 2B 25, ZOEBMODERK
Dy IO FILTHZ S5NEDT, Dy = {2z <2} TH5, T
Z2=-1€DyDEbHHT, HIB (2 +1) DXRE T Taylor BT %,
ZTDEDIT, z=(z+1)—1BESHALL

fo(z) = ;+ (Z+212)_1 + {(Z+;;_1}2 + .= ;g(m;)_ly
- 35rs ( Je e it = 3t 3 g ()
g () 6)

I TCHRBEDHRBUITOZ L IZEFEET S LA TE 5,

1 o0
— =1 24 .= n
1= +x+ a2+ Zx

DA% kBT % &

dk( ! ) id—kx = in(n—l) (n—k+1)x”_k—k‘i ) gk
dzk \1 -2z ¢ da® oprd ok

YIRD, AR BRI B, — . SN0 & ETT B Y Kl (1-
PR eI B, T

we =y et () =33 () =00

k=0

2O fi OWHIRIE Dy = {2;|2+ 1| <3} TH D, Dy lZ&EEF N\,

17



II. 15N TWBERTRT A&
Bl. EOHID fl
1 no1 1 1
0 22<> 5 1_522—2
2
ERIN, BEHIT 2 =2 %R 2ER VL ICHITERTE 5,

1.4.2 RiemannH

IR Dy & Dy DEFE L TWIRWVW2 DD AB LV B THBRD G- TWVWSHET
%5, Dy CEBINTWAIERIBE fp & D, TEHINTWSIEHIEK £, VAT
UL, fo% DyUDy NREW R TERIGAETE, —fRIZIEBT & fLi %L

CIERS W, Bib, T S 2B f1E B BT 2fififkEmoTna
ENHB, TDEIEE, BIZHUTIED S —BAlOERFEHZHEL T, 2K
DEZE LT LB ZERLZES BEEVN LV, ZDK51T, L%
HBOBEIZ, BEATWHEREFBOMWEIZ U D > TERES N L ELRERTH
% Riemann @ (Riemann surface) &\, Riemann [ Z KT 5 ZNZEND
HZHRH % 2% (branch) &\ 5,

Bl1. f(2)=22%%F2%, z=re? T 5E, (WA 2T DRI
BOREMED DY 2 =rd02M) 2 LTH WD T,

Flz) = re®? E12id fre0T = — freil?

Y20 f(2) 2T H B, ZhiEE BB A, L HSNEEHR
D+ D2fitETH 2, Z DD Riemann [filk 2 = 0 2 LG 2 2K
DEFFEEN 52D, iz —AT 25T 212 28O M % #GH I3y
¥ %, Riemann H CHEEBOERFHPHEL TW5 R (ZDOHEITEN)
% %= (branch point) &\ 5, 1 DDEIFREMH A S MO FEEH A~
OB D RDORBNLYNE Z2 DR 55 < ZEDHREM. Th
IZEIBT (cut) EIFENT W2, YD L D HZHLBREHHT, 0D
BT % A S fRBREAE O 2R O Y ERUTHL S Z & Ak
%, fifa0&EMHIZED L, 212 = /re?? X2 DDRIED > HIHHN
EDIE % 5 2, EHOE O ITUE BN 5,

15l 2.

f(z) = S1/3 r1/3ei9/3, T1/36i(9/3+27r/3)’ L1/3i(0/3+47/3)

ZD Riemann [HlE z =02 HLE T2 3MOERFLHL SR, FHu%z
— &8T5 T LIz 3D ZNEIZ#EGEIZIR DB S, 3HENRZMS &S
EDHIZR 5,

18



51 3.
f(z)=Inz=Inr+i(0 + 2nmw); n=0,+1,+2,...

Z®D Riemann ML z = 0 2 LG T A MEROEZLH NS D, FHA
E—ETHEILICENSDOMEIRIZELE S,

#1612 D &S ICHERED Riemann [H D 73 I 5 & KI5 IRk 2 (algebraic
branch point) £ F\, ZD[E YD THH ¥ 5 Riemann [ OKE % HEEZ (multi-
plicity) £\ 5, #il 3 D & 5 IZEFREED Riemann [H D 73 K UE B2 IR = (log-
arithmic branch point) &\ 9,

M.  f(z) = (22— 1)72 ® Riemann X XD & 5 5iiEE L TW
VAR

19



328 BHaAREN

R

2.1 WoHEN
Keywords; Mo ARl migs AR, 8. e, Mo, —m. Kk
i, e FLfig

— R y(2) RO ZE D n B E TOEBBUIKT LT
F<$) y7y,7 ’y(n)) - 0

DEILEABRPKDI->oTVWBE L EZDAERE n BEM2HER (ordinary
differential equation) & \»5, ZAUIx LT, HlIZIE u(x,y) O &S RELEY
B, ROZDRERE Ou/Ox, Ou/dy, % EIZT 5 AT, RE2ARER
(partial differential equation) & IFiIZN T3,
n BEHEMD iEAD

v = g,y ey ) (2.1)
DESBBIZEPNT VLT D, Ay, ¢, .y D IZ DT —IREBDLEIC
& (20) 353 (linear) THDH L EbLND, TNIZXH LT, 2R EDIHZELY
AT AL IERRF (non-linear) TH 5,

‘W A2 &3 (20) 26723y = ylo) 2 RODDZZLTHB, £D
B, EEOMHEZH > TH ARz 72 T2 EH (integral constant) 23BN
%, (Z0) DD 5 b nll ORI EE % & D2 —fi& A% (general solution) & W\,
— AR D FH DN D DRED EBUZKF 726 %2 ATz D % 75k #E (particular
solution) &\ 5, WIHEMIZIZ, B EBUIAIARMCEAZMEIZ L > TRO SN
%, TDIEMZ, —REDOH O ERM Z 2 E 7z & & DR iFEE D AHEHR S
fRiZ7e o> TWBD, ZNIE—RMBTHRIAM T v, — R TERIkETE 2
WL, FFEM (singular solution) & XN TV 5,

Bl  y2+2=10—BFEy =sin(z+C) ThHd, CIIFEIELH,
ZDEMZ, y=21 BDHSRIIMTH DD, ZhiF—MBED C 2 &
DEIIZL>THRBONBRVDTHREMRTH 5,

W DIF5EE U TS &2 iy TREAICEE T 5, L L, TOMARI-
TWABMTERIND (WEEBOMAETEITS) LW EEKTRIFTZ 2 &I1E
EAERW HEADPMITLNE ZIZEI Lo k0D WS ZEICHAHHZ
MELTVWEDONFEALEDOYIEETHS S, —MRFEE LT HHHED
O DITHBURREZ U T2 KD SIREERE, SRR LMo 0L 21775
TR EEUEE. BHRERZ W TBENIZ i S BUIERE R ER L VWL 5,

20



2.2 —[EEHoAENX

Keywords; ZEAMI. A, 2enl. FOET. AR, KR, w5
ZALE

—REEMABFERIE Y — f(r.y) DB B, IR VA, <D
POBBITIIRIT B, BFIC, ZOREREIZRET B, (20EHbHIT 55
fltie BB, THRBEOZ L, )
u)ﬁﬁﬁ%%;g/:ﬂ@ﬂ@@%@%ﬁﬁﬁﬁ%%ﬁﬁﬁwtmm\/i?:
[ e+ € OES IR B, AL, ZORPHIBHETTE 5L >
I,

Bl. o =¢y*-1
(2) AR¥; y:j(?)@%@wﬁﬁ@ﬁoy:uxaﬁﬁﬁmuyaﬁﬁo

Y _ 2 o b rorEtE
doz dx

T T i )kl

dx dx T

BRI ERTE 5, BUZRIX

U dz
f(u)_u—/x+0—ln|x|+0

AN

Bl. y+2zy =0

B)¢§Wﬁ%;.mxw+Q@yﬁ _0@%@wﬁﬁﬁ&fg§ ?f%ﬁ
7L\_b§_ 747:10
p@agp:gj Q- ¢tf5i9&¢ﬁﬁTTéonwmﬂdxw@ﬂ

@m@;5uufﬁwaéo¢Ly_/"Rm+Y()aB<a\

dp e oP day 8@ dy
Q. y) = 83/  Ja 8yd dy 0 83; + dy
dy

ANDNEN W
Gy = Quon) W Y@) = ["QGoy)dy

Yo
k&b\%%¢®%8bfi
& Y
y) = [ P(z,y)dr + ,y)d
o(ey) = | Plry)de+ [" Qo u)y

ERDOND, HU, zo, yo FMERTHH, YO WD I AN TE D,

21



DD TR E ¢ B HWTRT &,

_ 09 9 . _
do = axdaz+ aydy—O

LI BDT, MR o(x,y) = const.. BB,
z y
/‘P@wﬂw+/<mw=ayﬁy=0
0 0

LRDOoND, HU, CIIBEDEH,
1.

_dr o2 Y,
VET P RN
or  0Q Y

ZORFBEATER, =—="2=-__ 4 DT, Z 2 Al 7N
FEATE oy  Ox (22 4 y?)3/2 > NFZERHD)

ETHO., ¢(r,y) =In (\/x2 + y? ~|—x> L5,
ZOFITHEREL THRL VDI,

“b LRSI Va2 + g2 35> T da + (/22 + y? — Y o rno
Y
TV, ZHIEEL T EZZEMAE T,

EWVWSZETHD, ILHEUGEANTS, HHBHENIT L LBE2MDITHE-
205N o7b LS5, TDXIIT, WLIZHT 5 LW ARV RMS
75 5 B% 2 TR A F (integrating factor) &\ 5, 52 o N7z HREAIZ
HUTHEARTFZEDI R >TRDEN, LWVIZLIZDVWTHELDTI=v D
BhHb, (BEHEeZREL, )

(4) —EIREERMD FERX (first order linear ordinary differential equa-
tion);

4 Py = Q) (22

DD FFER, Q(x) # 0 DA, FEEIR (inhomogeneous) HFER & IF X
TED, 5 EDITHLTQ@R)=0&BEWVWZHD
dy

4, tP@y=0 (2.3)

% (22) DER (homogeneous) &\ 5, (22) R DHEE D,

(22) O —#%fiRt | = | (223) D —ffigt | + | (22) DR gkfR (2.4)

DEDWI>TWBIEIIEETH D,
(Z3) X BB B D TE DO —RRIFEHIZH L D,

y(x) = C’exp(—/P(x)dm)
AN

22



(2) D —ffif % Kb 5 I IXEHZEALIE (method of variation of constant) %
Aws, Bis, (B3) OO ER C %2 x DEBICE S I 725 D,

y(x) = C(x) exp(—/P(m)dx)

T (I2) DB PIT B L FRUT O@) kDB, LR%E 2 THATEL

—exp /P dx z)C(x) exp /P dx)

IRDT (BZ2) ITRAT B & C) 1I2x9 5 /12X

dC

—exp /P d:c =Q(z), HIb az@(m)exp(/P(x)dx)

PESN, ZNIHES I T

:/Q@W@(/H@MJM+A

Yh, AL ARBEAER, ChEAW5 L [@2) 0 —BiRi

y(x) = exp <—/P(:B)dx) {/Q(x) exp (/ P(x)d:v) dz + A}

LRkdDoND, ZOfEIE (EA) OIZIR>T WD Z IR,
Bl. o —dy=f(2)

2.3 nfEREEHIARERN

Keywords; ##HER 7, AR, Wronski {75, ERE&OEOEE, EHHRKFA
DR E WS AR Rt AR — s

n BERRELE G R

dny d(nfl)y d(an)y
EEZD, T BRIRGERIZ
dny d(n—l)y d(n—2)y
P + aqi(x )W+a2(x)m+...+an(x)y:0 (2.6)

Thd, ZnoDRENTIREERF (linear operator)

dr d(n—l) d(n—2)
a1 g T g

L= + ...+ ay(2)

ERHWRE., TNEN
Ly = f(z), Ly =0
DIZRIND,

23



R R & X —fRAIZIRD & S etiE 2 ROEE 725 5, Wb,

{ L(y1 +y2) = Ly + Ly,

<= L(ciy1 + c2y2) = c1Lyy + oLy
Leyy = Ly

’fEl. L/\ Y1, Y2 Ciﬁz‘%o)%&f C1, Co li{?&%@iﬁo

n BERRILE D HRERDBO—RHAMEE L LT, IRO LS BEDHREETH 5,

(i) y1, yo P8 (28) DRI SIX. ciyy + oo B (20) Dfiff, Zh iz EREHEDER
i (principle of superposition) &\ 5,

(ii) (2B) O—MSLZR I n il v, T2 BOEKXRR (fundamental system
of solutions) &\ 5, fEDHEARRZ {y,ys,...yn} £ T D&, (2Z3) D
fiA 1%
Yy =cy1 + CY2 + ... + Cpln

EMF B, HUL ¢, e, 0 (ZFEIT TR

(iii) MEOEARR {y;} ZHVWTERI NS, XD Wronski 17713 (Wronskian)
R U TERIZIER S R0,

n—1
Y1, yi: ceeny yg )
y y/ y(nfl)
Aw)=| ¥ ¥ o Vg
Yns Yny ooy YY)

(n—1)

B " a4 4 any; = 0 DT,

Yo Yy e ?Anil) Y, e y§n72)’ ygn)
n—1 n—2 n
% _ i Y2, yé? ) yé : — Y2, ey yé )a yé ) — —CLI((L’)A
de dz s vy
A N I S

ZDHBRAFEBDE 2D TT I T
A(z) = Cexp (— /Ow a (m)dx)

LRBDT, Ar) IFEIZET (C =0) »EICEB TR (C #£0)
MELONTH D, {y} T —IMLRDOTHIZEBTIED D A
W, GRS

(iv) yo 7% (23) DRE T X (28) O —Mefift i
Y ="Yo+tCiY1 + CY2 + ... + Cp¥n
AN R

RO (iv) 7 5 R GRER D s R 312 1%, T FRRGRER O
73 n A (FROFAR) & KD T, WICHRARAERADEMRE —ORONIF IV
EBNIG,
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2.3.1 TEHRBOEREEEBDHREN

— RO E D R U CTHROEAZRZRDZDIEIHT UERS TR
M. EFBRE O RVEREEMD HRERITE U TR — R0 E2H 5,
iR < R&EHRERNIZ

dny d(nfl)
dzn + a;

rERINB, AL, 0, ZFERTH B, ZDOHERICITy =M DIROERHBZ &
IZHEET S, IhE (Z2) ITRATBEENTDVTD n IRORBAGER

Y
oy Tt any = 0 (2.7)

N4+ N+ . 4+a,=0 (2.8)
2155, Tz ARER (characteristic equation) &\ 5,

(i) FEABRXO nBOE {1, A2, ..., \n} DETERZHE MOEKRRIZ

e)q:c7 e)\gx’ ’e)mx

THR LMD, HiT. (27) O

n
y=3 e
1=1

b, M DEREBORIZIE, M =a+ib2T B, e X

Az (a+ib)x

et =e = e"(cosbx + isinbx)

ERINDZ LITHR,

(ii) FHEABRXPERZFOZE M P m BEROK, TINS5 EAM I

Alx Alx 26)\13:

et xeM m-lohe

B
Ak AR B

2

Bl B R T 20T %y = 0 ORMEAREAIE N 200+
a>=07RDT, TOMIN=alX2ERTH5S, —DDfRITy =
THEN, I —DOMFREHEEEHNT y = c(x)e™ DIBIZ
LTRDB, HE2OWHARENIINERATE L, ¢ =025,
() =co+cx &72B5DT, —ffEIXy = (o + c1x)e™ THZAH
N5, s, MOHEKRRT ™, 2e%® TH S,

2.3.2 FRERFEEHDHFER

BRI ATz X512, EBURBIN O — e DI E D SR R DR DO EARR % K
DEDIFBEBH TR, LrLE LBOEERRDKRE > edniE, FERR AR
RNOFHRIE (> T MEEL) U TD LS LTRDEND,
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— MR DIERIAIE H ) it A %

d"y "y - o E Ly — 2.9
O ) e 4y = [, BB Ly= @) (29)

EHRU, TOMOIEARRE {yi(x): i=1,..,n} &T 5, FEEXRARERX () Ofif%
ERMAEAE = FHWT

n

y(@) = ci(x)yi(x) (2.10)

=1
CRET D, TIZTnlADOBEE ci(x) ZRFEHTH S, ZhExoHEA (29)
ZRATBZEIZE o T o) DRDOBBRRR—DRKEDD. nflD ¢;(z) ZRE
THIEHEn—1HOBRAVBBETHL, ZNSIEFLATDOLSITLTHRDZ L
WERL WV, BB, (21 )%Mﬁ?ét\

d “ " de;

;Cz dx yl +;ayl(:€)
=0
LB, HUE_HOMEERIZT 5, ML,
" dCZ’
—1Y; = 2.11
> o) =0 (211)
WS EMERT, T5&, (m)@:ﬁ%ﬁ%@%ﬁui
d? & Yi | = dedys
dey ;Cl de ladx
ﬁ/—/
=0
LB, BERARRICALE “HOME XY OIZT 5, Ab,
" de; dy;
— = 2.12
= dx dx 0 (2.12)
WD R HIZERT, DURREBRIZ L THT &, BIRIZ (200) D n — 1 PSR
dn-t a Ty de dM Py
dan— Tl ;Cz dx” 1 +i:1£dx”—2
=0
IZDWT n— 1 &FHDOZMA ,
deid™ Ty, (2.13)

= dz dan—2?
AT, 958, n BEEREBIZ

dr dnyl n dCi dn—lyi
V) = 2 @) g 2

L#BDT, Ly, =0ICFERL2DI NS OEEKE (Z9) ITRAT S &

n dCi dn_lyi
— dz dan!

~ f() (2.14)
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2145, 20X (1) K0 n — LEDSMA: (20m), (202), ..., (Z33) 2 ¢i(z) 2R
HHENMA FHERNE 525, INSE2GHORICEL L

Y1, Y2, EERES) Yn Cll 0
/ / / /
s s ceeey n 0
yl y2 Y C2 _ (215)
G e NN 7 Lot I A WE4 f(x)

L%, EDTHE (Y ;) L ELS L ZDMATHIRY, ) = A ;/[Y| THEZ 605,
ZIZTA, Y ORRAFTH Y, |Y]IXY OFFIR. 45 DEEIE Wronski 7
IR ATHD, ZhEHAWT, (2ZI9) 2 &

o) = Y () = S (o)

ZIESN

Sl N
LI B, SN (M) IRAT S & (Z9) O e LT,

:i&% +Z% 0 M%me
PRond, ZITHUE -HIZRRGERO —EIZH>TW\WD Z L ITiHER,
B, ZAFEERftE LT
y' + 29y + WPy = f(1)
RS, THIE—MDINTT f(t) 2T TVWD & EDFERE O A

TH5, FEHBEAN 4+ 204+ =0 D N\ = v+ /2 —w? %
ap, o &5 BE, ROFEARRIT Yy = eMt, yp = et & 70B, T T,

f(u)du + A;

Wronski 17512
eoqt Oélealt B
a2t’ ast | T (052 - al)e(al+a2)t = _2\/ 72 —w?e a % 0
et e

WCER. (FROMEE (i)
fR K NETTRREADIEZ y(t) = cr(t)e™ + co(t)e*' LHE L, ¢(t) ITRRE
L5NBREEM ROBOWZ LD HRERTRAL R, K4
Cllealt + cl €a2t — O
a1 et + anche™ = f(t)

DT, IhozfiEl e
0,1 (t) — f(t) €—a1t’ CIQ(t) — _ f(t) e—agt

a1 — Qg a1 — Qg

t
y(t) — A a1t+A €a2t+/ al(t—u)du_ Mém(t_u)du
a1 — (g 0 1 — Qo

o(t) —i—/o ﬁe_'y(t_“) sinh {\/m(t — u)} du
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2.4 2[R EMD HRENORBMAEE

Keywords; &7 AEROIEAIA, KA, Fuchs OEH, Fuchs BIHEM AL
e R, AEER R, E S E X, Frobenius @ fik

2.4.1 BWOAEIXDIEAIR
2 PG 4> R

d?y dy
Ly=—+A(zx)—+ B = 2.1
v=Y A+ B = C) 216
EFEAB, A B, C D"ETHH, HIB, XRESHEBEFATTELRZ ZOBHMI A
BRADEARE WS, FEATRVWAZFRER (singular point) &\ 5,

EHE 2.1 = a WEMSHEA ZTa) O EAIRR 61X ZORIZET v = o THRITWT
H5,

SEBARG

DS LD & & (208) & BARITHIEURF TN TAS, a=0& U
THMDEA D IZERT 5,

Alz) = apa™, B(z) = > bya", Clz) =D cpa”
n=0 n=0 n=0

LT,
y(z) =Y da™ (2.17)
n=0

Z (I8) ITRALTd @D TTITIE IV, y(r) D 1R AT 2 BEEEKIE

o0

y(z) = > nda"!
n=1

y'(x) = S nmn—1)da" 2= (0 +2)(n + 1)dp 0™
n=2 n’=0

ThEz o5, (ZI8) OAUHE 2 FHIX,

Alz)y' (x) = Z Apx™ Z nd,z" "t = Z Z na,d,x™ "1
m=0 n=1 m=0n=1

— Z Z (n" —m+ 1)amdn/,m+1x"l

m=0n'=m

= (Z (n" —m+ 1)amdn/m+1> "

n/=0 \m=0
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L%, RRIZEZHZRMKIZZILT 5 &

Blajy(x) = 3 bt Y dt" = 3 3 budy
m=0 n=0

m=0n'=m

= Z (Z bmdn’—m) «Tn/

n’=0 \m=0

285, ZhoOfE (Z08) ITRA LT, MLD 2™ OFRBESLWEEL &

(0 +2)(0 + Vs + S A0 = M+ Vtmdy—ms1 + b} = G

m=0
EWVWH bR ZED, ZORD  IZEAKRNEHEZRAL T &
n' = 0; 2d2 + (a0d1 + bodo) = Cp
n' =1 6ds + {(2aoda + body) + (ar1dy + bidp) } = &1

RNV ES Ve

y(0) =do,  Y(0)=dy
MEZ 5 NNIENEIZ d, ZIROTITIT D L B30 b
FEELRTNIERSRVDIE, “2D&512d, 2DBFIHEZGZ 6N L \»
DRI TIREHDIEHIZIT R oW WS 2 ThHb, b, TDOLSIZL
TS N7z B (20) AEROPUREREZRE DI L 2 7R L TWARWY, H L

PHCEEA L Iz 2K, (200) DIEDER RN 212780, CEAEL D VL7272 0
27825,

2.4.2 Fuchs BEHMDHAER
Rl D 5
Y + A(x)y' + B(x)y =0 (2.18)

ZEAB, ¥ = aTA), B(x) IZBEHATRVD, (2 —a)A(z) = a(z), (v —
a)?B(x) = b(z) XTI TH S & &, 2=l (OIR) DEERFER (regular sin-
gular point) £\ 5, ZOK (R) %

(2 —a)’y’ + (z —a)a(z)y + b(x)y =0 (2.19)
ERT, ROEHPIIBIREZH NS S5 ZATEETH 5,

@E 22 (Fuchs @,@@) G'%Iﬁ?ﬁ%iﬁ (TT3) %7 1% (Z79) 12 BT 7 — o AHEERET

y(r) = (v —a)* i}dn(x —a)", (do #0) (2.20)

DY D2 FF D,
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COEMOFRL TS Z &I, KHHIZE S &, a5 R T OOk ik
FEVWE WA RIERTULRRVWE WS 28 TH D, Wi, HBEREMTRVER
B, BT HEERFENR (irregular singular point) (&, —#& (2 13 fif O H MR 5
RIZ72D 5 5,

TR A5 A D THEERF B AL U D72 72\ & S 2 E 5 /i#2 X% Fuchs B! (Fuch-
sian type) Ba AR WD,

B 1. Legendre D7) JifE X Y’ — 2 Sy + y=0
l1—x 1 — a2
2
71 2. Bessel D7) JTFEA y' + iy’ + <1 - 7;) y=0
a(z) X b(x) DEHZ
a(x) = i an(x —a)", b(x) = i by(z —a)” (2.21)
n=0 n=0
L9HE, AE
N+ (ag — DA+ by =0 (2.22)

IZEoTkE D, ZOAERNZREAREN X 72I13HEHHER (indicial equation)
C‘_)— 11\ 5 o

(E9) @ 2 DOMANZZ R, BIGMOEARIE, (22) DEZ A, A (M > Ng) &
THEUTDEDIZH 5,

(1) Ay — Ao DEE TRV E F:
0@ = (@-a™ iodm — oy
w(@) = (=03 dfr—a)
(2) A1 — Ay AEHD & % (Froubenius DFE):
n@) = (@-a™ i:fodm oy
p(z) = Cyl(w)ln(ﬂf—a)ﬂiﬂ—a)”iofn(ﬂf—a)"
DROIRN B B, (c—0DEHEEH 5, )

ZDOZ L ELTICEMRNFIEZ R 5mRZ 5, BiEEkIC, (220), (2220) %
(E3) IZRAT B &,

oo

E:M+ﬂﬂk+n—nddx—@"M+§:{EZ(M#ﬂz—nﬂmn+bm)h,m}@FﬂV+A:O
n=0 n=0 \m=0

HEoNE, n=0815 (z—a) DREBELKTEZLIZL-T

)\()\ — 1)d0 + )\Cbodo + bodo =0
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BRSNS, Thid

ERDPEFEAVBOND, (r—a)" DREEIRT L ELATND LS IT05,

n=0 .. dyp(\)=0
n= Cdip(AN 1) Fdor () =0
n=3 ... dzp(A+3)+dop1(A+2) + dip2(A+ 1) + dopp3(A) =0
HU. ¢.(\) =Xa, +b, £T5, TNk, d,iEdy &V,
d (M) d :_¢1()\+1)d ()
! oA+ 1) T +2)  p(A+2)
(A +2) 0 e(A+1) . ¢3(N)
dy = 5515% E@iﬁm ¢M+$%’”’ (2.25)

DEHiITKDENDB,

INPonn2ZLiE, M # M THNX, oI U TER SR GERR)
PREoNbd, ULNRURDRS, A\ = DEEIF2DIEFECIZAREZDT, £5—20
fif% OB ITIHMAN T RABETH D, HIZ, A\ — Ny =n € Z TEHORE
dMa+n)=0dM\)=08DTd=00<i<n—1) %3, ZOBA d, IFE
220, d; (i>n) &2 d, TRTEMNIZHTHMERUTITRD, M I UTHRLL
R S 7R,

A — X =n>0DEEIZIE, BAFIZ/RT Frobenius DAEIZEDH S —DD
ST fi# s & £ 5,

(Z3) ZHWTIZ MNIEROF FIZLTEL, dy 1352 5N @M EE A, (29)
E0d I ENDOBEEd,(\) ERBRTIENHKD, 250> THROoNZy iz & A
DR E LT

y(z,\) = (r —a) Zd (x —a)"

WS &S5IZFEITFS, Iz (19 )Lﬁ)@“ét\ ZOyld (@)D n=00DK
PAMZ T RCiET DT, (2 —a) DIEDOADLES, Hb,

Lly(z, N)] = dop(N) (2 — a)*
PEONDMN, TITdy® NDEBd(N) ERRT &,

. [ﬁy(x,/\)] 9

o AN (@ — a)

= dy(N)o(N)(z — a)* + do(N)¢' (N (z — a)* + do(N) (M) (x — a)* In(z — a)

FHIZdo(Ng) =085 K512 dy(\) 252 NE, ZOHALIEFEN= ) TEO LR S,
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EARINIZ do(N\) DIEZ ZIZR T NUER S WA, HbHHIZ dy(A) = D-(A—)9)
EMB &, ylr,\) oy (z) TN DFfEFELKRBD, H 5 —DDOMALRfFEIX

= @ — _ _ A2 = % _ n
yo(z) = B3 - =cy(x)In(z —a) + (z — a) nZ:% 0 - (x — a)
DEIITkRDOENS,
1 1 w
ﬁl.gﬂ+%y+gy:0%%ﬁ%ﬁﬁ@%b@ﬂﬁ@%%ﬁbf

fig 1,

B2 2%y + (2 +a)y —y =0 ZHEERRESO™ O OMEVER %
WTHRT,

2.5 BEHFHDAREDN

Keywords; PBifEfsr GRAL B DR

o it .
— “ dn_ —
Ly(x) = 3 oul(e) grmy(a) =0
(Aps | D@ .
n dn—
Ly(a) = Y (=" * g (an(@)y(a)) = 0
k=0

Z D AR (adjoint differential equation) &\ 5, 7z L* % L OREEHK
2 EHE T (adjoint differential operator) £\ 5, L* =L D & & B2k (self
adjoint) &\ 5,

_d%y 2 2
Bl1. Ly=-— +wydHCHM,

da?
2. Ly=> -5 ()Y ) e asu
) v= = da* M) gk °
n d?
3. Hamiltonian H=-——— +V(z) &HMHE,
2m dx?
P AN (= 2 de dy
5l 4.  Legendre DD AFEX (1 — 2°)—5 — 22—= + vy = 0 &
dax? dx
4 {(1 _;(,ﬂ)dy} Luy—0 L BYADOT. Eak.
dx dx

BELEID HRE R OME E UL TUTOEDNREETH 5,

il 2.1 y(x), v (2),..., y" V(@) Rr=a, 3 TERDL &,

/j (Ly(x))z(x)dx = /

[0}

’ y(x)(L*z(x))dm

‘t\\%%o

IEAR:
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LD&EEZEAD L

[ (3000 st01dn = [ataly )] [ 2L (et

a a Ja dx
B
= O (ate)]| 0 [ (et

SEEA#E

2.6 REFERECERE, BRREN

Keywords; #JHAMERE, SiRUERE, FERWRBERSAE, FIRBEFRSAM:. Green BA%K.
A ME, EABEE. Sturm-Liouville B, E2Z, 564, k(b

2.6.1 Green %

W ARRRNOBMAERERD DML LT, HlZIEr =0TDMEy(0), v (0) 72 Y
MEZS5NTWD XS 2@ % FHAMERRE (initial condition problem) £\ 5,
ZRZHLUT, HlZIE 2 =, 3 TDy(x) 7218y () REVEZLENTVWE KD
% % 1B R {EFRE (boundary condition problem) &\ 5, BiSt TOLRMAMN
y(a)=a, y(B) = b BRED LI ITETTRWVENHESNTWS KD REGHE, %
N % IERR (inhomogeous) IHERFH L WS, TR LT, y(a) =0,y (8) =0
REDEDIZHERATOENRERIZRD XS IZEENRESNTVWE L E, Tz
AR (homogeneous) IHFRFH &V 5,

[F R SR & 3R & N7y JiteE =X

L= g (PO )+ i@y =@, we)=y5) =0 (220)

v = [ G (2.27)

DESITEBG(z, &) ZHWTRI N5, Tk (EZ28) ITRAT S &, G(x,§)
X

B
| L6911 = f()
B I RTNXRSIRNT LN DE, TDHITIE,

LG(a,6) = b —&), %D L (P(x)dc;(as,&))  @)Co,6) = 8z —€)

dz dz
(2.28)
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ZiRTNIEEV, DX BB G(x, &) 2. W HER (228) D Green B
(Green function) £ \9,

Green FABD XM BE L UTATFO LS REDNEETH 5,
(i) G(z,€) Xz =, THEASNEBEREM LT,

(il) = = € A TIE, LG(x,€) = 0.

(iii) z = ¢ T, G, &) IFHEETH B, 0G(x,&)/0r 1FA L,

e £+6 .
gmﬁwawﬁﬁémwumwmwm:;QMTEﬁufamw
BB, (51X

4 1)
&+ o &+

1
—1, HIb [axe@,g)] TP

(

Green BED EARKZZILIILA T D LS I1zLTRdDoNB, FRGEALy =0D
T, »=a CTHEAZGZMZTEDZ u(r). v =0 TEAZRGEZHMZTEDZ
us(x) &3 Do (ug, up IIFEBUEDANENEDH B Z LIZHER) BB, wi(a) =0,
up(B) =0TH 5B, 35 & Green BHEIK

P66

~—

€5

\)

20)

€)= cruq (z) (a<x<E)
Fme) { aulr)  (E<r<p)

Green BIE DM (iil) & ©

G DA crur(§) = cous(§)
GOV (Eza); et (€) — e (€) = — Pi 5
PEENBH, ZHED
S P )
“TAePE T apPE Y RO ue wo
& ZAT Az)P(x) 1F oz ITHRFL 22,
Z DL
d d
g(A(:p)P(m)) = a{(ulué — UIIUIQ)P:|
d d
= @(Pug) — £<Pu'1) Uy =0
—qUuz —quy
TB B,
P71z A(E)P(E) = 1/c LE< 2.
_ | cun(@)ua() (a <z <)
CCOES Do s S

D & 57 Green BB DO RE %2155,
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2.6.2 EHEE. BEEHK
BlzIE. /85 A X k%SO B R

Ly=y"+ky=0, y0)=y(a)=0

BEZD, ZHIMERED kN U THBRR (trivial) & (y = 0) 25225 ThbBL
HDIRIFFED k DAEIZN U TDOAFEET %, HIL, WD RO —REIL y =
Asin(kz +0) TH 2D y(0) =0DFRMAEEID A=0FRF0=0%4%, A=01F
HHAfRE 52 5DTH=0TRIFNERS BV, $5—D2D8REM y(a) =0 &
Dsin(ka) =035, ZNidka=n;n=12 . 25%KT5, (n=0IFHHZE
ffz 52, n=-1,-2, 13 A%Z AT U=z 525, ) DE0, k=k,=n7/a
THRINERST, 20X S5%k, % k DEIE/E (eigen value)., ZD & ZD fifE
XDy, (x) = sink,x % E BRI (eigen function) &\,
INTA =R — X\ E2ELW FERX
LydeF@ﬁE]+ﬂ@y=Aw@w

DIFEFYERMEE%Z Sturm-Liouville B OHEFYERE L WS, NTRXA—=&F— )\ = )\,
XU THHTRWR u, () DB & &, HIb,

Lu,(z) = Ayw(z)uy,(x)
O, = ORIBEOEAEIE . EAREE u(x) Th 5.
[ A B D EE R MEE & LT

(i) BXM (orthogonality): ), # X\, {ZX LT /ﬁ U (2) Uy (2)w(z)d = 0
(ii) 5T£ (5Ef#) M (completeness):

FRED f(2) 1IZ220WT fz) =Y coun(z) &HEIT B,

(ii) DFFHIX R TRWAY, B AMEMEEE T LI U TR I I
% D 3D,
(i) ODEIEEH Uy, Uz Ciﬁﬁfﬁéi)) 6
(pu}) + qui — \wu; = 0
(puy) + qua — Xowus = 0
T%%o %gﬁc: U2 %ﬁ‘ci%:ﬁ¢: U1 7&7{)‘”’(%% 5 t‘
d
dz
DA% aho BETHEST DL,

(p(u'luQ — ulug)) — (A — X)wugus =0

B
[p(u'lm - ulué)}i — (A — )\2)/ wuyugde = 0

67

35



p(2)A(x) BFEER D TAUE - HIZ YT, BT,

g
(A — /\2)/ uy () ug(z)w(x)de =0
SEEA#E

BERAEMEOMOME—ME L D AR T B L RIZZ7E—D Ui, Hib, Bk
CHEHEMIZET A2EEEBIL-Z7Z—D2 Uy, ZhiE, EFHETIRTRT
X T RV F—HERITHED RN Z EIZHIE L TWE, BHAALRITRTIEZIOD
XD LI LR,

A BER {0}

/6 U (2t (z)w(z)de = 1
D & 51283181k (normalization) TN TV 53 & (ii) DEBHDHRE ¢, 1%

B
Cn :/a f(@)uy(z)w(z)dx
L85,

2.6.3 BEABEHNIC L IEFIEREDRE

W R Ly = dwy OBIFUERTEO, Bk W E AR {u) P EZ 5
NTWd 95, BRUEAZRMEDE & T, Mo iR

Ly — \wy = f(x) (2.30)

D KD BRDBHEEEE X 5.
RISy = > cu; DESITRINTVWEH LT D, Thed e DHERTAAT

5 &
> ei(Lu; — M) = f

i

7

ZOWAIZw 2T Tano fETHAT S L,
B 1 g
a(hN =) :/a fudz, HIH ¢ = N )\/a f(@)w(x)dx

2135, flE (2230) OffIE A BIEUE W T
B . .
o) = [ 32 DUE) pieye

Ai — A
ERINDIEMWRI N, ZOXE (222) 2 RS &
_ o« wil(@)ui(§)
Gz, &) = ;ﬁ

1% Green B DEIHBEABERIZR > TWB Z 22305,
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35 HBOR#

A\
JdUT

3.1 Fourier &4

Keywords; Fourier fBURR. XOMNIZERE, XTS5 2. RiX Fourier A,
1E8% Fourier ¢, #3& Fourier ##. Parceval DA, Fourier Z#4, ¥ Fourier Z##,
Parceval D, Gauss FE5

3.1.1 Fourier %
Fourier ##{ (Fourier series) & (3. 584 EHE R BEBCR

{\/ﬁ 708t \/_smﬁ \/_00829,\}_sm29 } (3.1)

X EBOERME Rt s, BECR BD) &, E@FIE [, 7] OB L TS5
LEHRBERFRELT,

ERERRTH D LI,

T 1 1
cos n——= cosmfdl = 6,, ,, / — =1,
/ﬂ NZa NZa ’ V21
™ 1 1
sin nf—— sinmOdé = 0, ,,, ————=cosnfdf = 0,
R A - L7 Var f
/7r 1 sin n@i cosmfdd = 0, / sinnfdf = 0,
—m /T VT \/_

RN ARES
T2 (lE) RTHH LV Z 2k,

[~ 7] TREBS N YEEOBIE £(0) 2. Z ORISR OFPEA L LT
cci%é m%n

EWH e Thb,

LOXED LD EHRERIILLTO2 OOEHIZL > THEALSND,
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TIL 3.1 f(0) BE AW O KA MIHE 527 51, i 0 Tk

f(0) = 5(0)
Thsd, TITSIO) I
S(0) = % + > (an cosnb + by, sinnb) (3.2)
n=1

1 ym 1 rm
Z*/jwwwww,mzf/tmmmww
™ J-m

T J—7

Al AR RS

XoBIICER & 1. ABREO S TIES CAREG I W TH £
HRODMRPFET S L, ROMIESH LI, FBLU Itz
XN HERTH D Z &,

S(0) % f(0) D Fourier ¥ EM (Fourier series expansion) &\ 9,

Eﬁi&2t®ﬁ@tﬁb%@T\Kﬁ%ﬁ@@ﬁ&@%ﬂvu;Uw—m+fw+mw:
KT %,

I BB
fBl. 0 =0 TAE G2

—cosf — 1 (—m<6<0)

o~ <0<

cosf + 1 (0<6<m)

% Fourier fERF T 5, fIXFEELDTa, =0. —F. b, I

2 [ 2 (m
b, = —/ (cosf + 1) sinnfdf = —/ (cos @ sinnd + sinnd)dé
0

™

= —/ [smn—i—l +sm( 5 1>9+sinn9]d9
_ T«lﬁ“+1+—<1wl+1 —@M"+ﬂ
oal 2(n+1) 2(n—1) n
=0,ifn=1
. (n=1)
2l (g e g ] e
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FERERDERTF 2 AN D 12D (T

% Fourier #EVER L THA B, HS Dl a, =0TH 5,

2 7 2
m:f/smwwz——ﬂqw—u
0

T ™
72D T, A
bom = b =
2m O, 2m—+1 7T(2m—|—1)
Wz
4 oo
0 = — (2 10
1) wm0m+1smm+>
4 1 .
= - <s1n9+ —sin360 + - sin 50 + .. ) = lim Ss,.1(0)
T 5 n—00
Z Z T,
4 & 4 . 0
Sont1(0) = - > 5 sm (2m+1)8 = - Z/ cos(2m + 1)¢de
m=0 0
2 _ 2 (fsin2(n+1)¢
- i(2m+1)¢ i(2m+1)¢ d :7/ ok S RV o |
7T/O {mzo +Z } ¢ ™ Jo sin ¢ ¢

ZD So1(0) 30 —0,n— 00 TEDXDITHBEED DFARK S, NI RO ITH
UTHEEZ sing ~ ¢ LIELTE DT,

SQn-{-l(e) ~ 2/09 wd¢ _ QAf Sinxd¢

0—0 0—0 71 Jo T

m [0} s T
HU. 2n+ Do ==1,2(n+1)0 = & EEHERL 7=,
o 7, 9—)0&bf75‘bn—>oot@'éc‘:\
.2 (Vsinx
i [t S0 (4)] = Jim ~ [ e =0
o ~fi.n—so0llLThl—-0LT5L,
lim [llm Sgn+1(9)] = lim 2 e =1

o 72, £=2n+1)0 &2 —EIlHhbn 00,0 50LF 5L,

. 2
lim  Sy,11(0) = —/0

n—00 ™
0—0
£=const.

Si(€) RIERER A L IFIE N B BT H B,

€sinx

dz = S;()

T

(Y
(Y
o)
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3.1.2 #Ri% Fourier ##. 1E5X Fourier X%
f(0) BMEEEE DA, b, = 0 78D T Fourier AEUER X

_ oy . _2
f(0) = 5 +nZ::1ancosn6, an_w/o f(6) cos nddb

L5, TN %R Fourier fiE & W\ 5,
kR £(0) DBFHFEEDEE. a, = 072D T Fourier F&EE B 1

oo 2 T
F0) = bysinnd; b, = / £(6) sin nbdo
n=1 0

T
b, T %xIEFK Fourier Sk & W5,

. f(@):{ —sind (0<0) s o mgi- mEcx 2,

sinf (0 >0)
on) 2 0 4 1
- = = A2p4+1 = U, Qon = ——
7T7 2n+1 2 71'4712 ]
3.1.3 183k Fourier fi#
Euler DA% FHWT
_ 1 ind —ind : _ l nd _ _—inf
cosnf) = 2(6 +e "), sinnf = —(e e ")
1

#RAT B &, Fourier fiEUTIRD L S 12k I 3B,

f(0) = g_joo \/C;_Wem"; Cn = \/Z(an —iby) = ¢12_7T /_7; f(@)e™dp  (3.3)

I N %R Fourier fi & W5, f(0) BEDKE, ¢, = THDHI LITHEE,

XD Parseval DD D D,

[ 1020 = 3 el = lal +2 3 [l

n=-—00 n=1

T o0
= a7 (e +by)

n=1

B 1. Parseval DAR%Z R,
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3.1.4 Fourier %D

# 3 Fourier ## (B3) 1X, €T/ [—7, 7| OBAIZH L TEZSI N TWVWDE, Z
NeXH [—L, L) TERINTWHEE f(2) ITEATLEI L 2E X5, THITIE
r=(L/m)0 DX D ITEBEHBITNITI W, T5& (B3)IF

= S Cin inmx/L. — 1 /L 71n71'x/L
xr) = E e ; Cp = x)e —dz
) ne—oo V21 V2mJ-L /() L
ZIZT Ley/n=f, LB &

.

w)e—inﬂx/de _

T

f(.fl?) _ \/12_7T ; %fneinﬂ'x/[/ f ; k,fnezknx

AU, k,=nr/LBEC Ak =7/L L&z, 2ZTL — co DMifR%E & 5 &,
#2 ROMEIE A TcREINEDT, MOX%2E5,

fk)y=f, = \/2_/00 f(z)e **dz  Fourier ZE# (3.4)
I
flx) ~ ﬁ / f(k)et™ =dk 3% Fourier 25 #i (3.5)

InszEhzTh, Fourler T, ¥ Fourier Bt 5, H2AD ~ X, fOD
AR T iEL?’J‘§<f(x+O)+f(x— )) PR 5 Z & 2T 572012
W=,

Fourier Z#1 MDA 341Z % Fourier Z2#1% K AT 5 &,
- - >~z zk;:ﬂ = —zk:v’—i—ik;r
flo) = v@iﬁmf( dk = / dk/ ' f(z

= /_O;dyc'{;7T /_O:Odkeik xw)}f(x’)
=0z —2)

EREELBEZRE TS { }JId6(x —2) TRITINXRS RN L35 h 5, Bl
%, Dirac @ §-BARDENFEHLE LT

1 o
- dk ikx
2w /—oo ¢
2135,

Fourier 22 U TIHIRDEHE DK O ST D,

£ 3.3 (Parseval DEH)

| 1@ = [ f)Pak

ZIEBA:
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£ Fourier 2D X% RAT 5 &
sl = 2W/ dx/ dk/ Ak &K% F(k) F* (k)

:/ dk;/ AK'S(k — k) f / k) 2dk

SEEA#E

Bl RRIREETF

0 (t <0)
e /Tsinwet (t > 0)

0~
D Fourier Z#%2 AL THA S,
1 [e%¢} .
— / dte " sin wote !
27 Jo

Euler DA sinwpt = (e™0f — e=™0t) /(27) ZRAT B LFEFHFEITT
T

11 1 1
(@) = 2i\2r [1/T—|—i(u}—wo) 1T + i(w + wo)

B2 THEGw 2R, f(w) DERBLOCERDT S 7%
T A X, %M%CiTw()»lO)H%LiEitﬁ%#?

Bl2. Gauss 9t FEHE < 2 >= a, < (2 —a)? >= > D
Gauss 737

1 (x — a)?
fa) = e [— -
@ Fourier Z#UIIIRD L D IZEHETE 5,
3 o T — CL) —ikx
flk)y = U\/%/exp[ 52 ] dz

(a:\/ia =y CEREMTS <‘_’.>
20

\/_ /exp y2 — k(v 20y + a)}dy

— ﬁe_ [oo exp{—y2 — iﬂoky} dy

10 2 o? )
2 — V2 = — — — K izEEd AL
( Y2 —iv20ky (y+\/§k> 2k e % )

— (y + f}%k)j dy

1 2 00
= ﬁexp [—ika — (;kQ] /_Oo exp
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BB OBMLy + 19— R S b

V2
+ootick/vV2 ) +00 )
20 :/ e " dz = / e Fdz=+/r (3.6)
oo—&—iok/\f —0
LEETE S, 22T, GaussEADOARX
+o0
/ e dz = /7 (3.7)

%\ 7z, #0Z Fourier 2 #1113
f(k) =exp (—z’ka — k2>

L5, Hib, Gauss 0% D Fourier £#:3 Gauss DfICHR D Z &M
RENTz, PADME, Ax ~ o iTHUTAk ~1/0, DED Ax-Ak ~ 1
b, TNIEFETHFOAEEWREBRIIHIGL TV

R :(B0) D DODEFIFLUTDEIITRES, A=—L+

iock/V2, B = +L +ick/V2, C = +L, D = —L 2 LT

e dy =0 7LD T,
ABCD

/ e_Zde:/ e dy — [/ +
AB DC BC JDA

EZIATDAETHE z=-L+iy,yc RERINLHDT,

_ .2
‘/ e “dz
DA

.2
e *dz

o'k/\/§
/ exp [—(L2 — 2Lik — yz)] idy‘
0

5 ok/V2
e L 1/ exp [2Lik + yﬂ dy‘
0
ak/V2
< e_LQi/ e’ dy — 0 (L — o0)
0

[ElkRIZ / e dz
BC

. L — oo DRRT [ e #ds = / ey AR X
mf’ AB DC

M3. Gauss BT OAX (B2) 2,
f5l3. Yukawa RTF> >+l

V(r)ze : r =22+ y?+ 22
r

D 3 IRt Fourier 2% 1A T 5,

ViR = ( %) J[[ azesp(-ik-n -

-

(k-2 =rkcosf, dF =r”sinfdfdedr)

3
= ( ) / dr7“227r/ df sin 0 exp(— zrkcos@)

—0 (L — o0)

—HT‘

r
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FEIRTL K 6N ERD DRED 1L cosh = p EEBEMTHZ LIZLD

/_11 d,u e—irk,u — ;]1 [e—irkﬂ} 1_1 - _ € W:r; et
LRHETE S, T,
~ zrk —irk o '
V(k) = Nor / dro—— S e \/ﬂklm/ drekr=rr

. \F 1

= m

Vork Kk —1ik T K2+ k2
%135,

BEDFEERT, k > 0DREZ & 5 &, Coulomb AT > ¥+ )LD Fourier

U Z IR &,

4. ZOWAED Yukawa RT V¥ ¥ IVIZ7 5 Z L 2

X,

3.2 LaplaceZ#:

Keywords; Laplace Z#, ¥ Laplace 25

Fourier 224t (B2) % Fourier 24t (B3) & LIXUIXIPER L 2\ (e.g. f(z) =
22 ete.)e TDXIBGETH, Wﬁ.?e71(7>O)’275‘7‘“Ca:>00)r7>k72%2_%

Y. B EIGREES 2 ENTEDZENS N, Hib, fr) TREL f()H

@ Fourier Z #

Q

—~
=~

N~—
Il

/ f f'yxfikxdx

f@H@e = [ Oog(k) et

Thb, ZIT, y+ik=s&BLL, F—-RNDELIX
/oo f(z)e™**dx = F(s)
0
DESIZEITZ, T5&, WD RIE, F(s) ZHWT

f(@)H(z)e™ ™" = = /AH‘_Z'OO F(S)e(S—V)xd*.s

2 y— ]

LIRBDT, x> 0L T

flz) = L /WHOO F(s)e**ds

—100
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75, v (BR) OBEAPPERT L2 L5112, +RREL L oRITNIERS RN,
B, (B0D) OFEABEOAEMIT F(s) DNERNZZR S X 5128 513N 57300,
(81M) % Laplace &£#:, (B11) % ¥ Laplace &#: &\ 95,

WEORBO: ¥4 Em) 2. BOKET EhVT

f(z)H(z) = ;m/FF(s)esxds
DEDIZFHRKRT B, Laplace B F(s) D3 |s| DR ERE I AT [s| DT LD,
M
W;
iz E o> 0TRMO &L SIZ, AT OLEMIZ T+ KREZFEER DM
iz DA T, Bl C TEESHMZ B2 TE 5, BB, ¥ Laplace 210D
X

|F(s)] < (k>0,M >0)

3 1 ST
flz)H(z) = I%grgo 5 ch(s)e ds
LELIENTES,

IEEH:
%%%O@@Eﬁﬁ£:1¥+éDfém+ DESZHTBZ

FA

LITES, R — oo DT, %#%E@?ﬁﬁdi/ﬁ:ﬂﬂﬁi?éo 7%
DB IZIETAZ EIEATDESIZ LTS,
s= Re" LB EWT L, —HHOBEDIX

w/2 . .
/ F(s)e**ds = / F(Re) exp (ZBR(COS 0 + isin 0)) Reid
BD Bo

WMUZ, ML ORI EE & 5 &

/BD F(s)e**ds| < /9:/2 R]l\f_l exp(zRcos6)df < R]li{l exp(zR cos b)) <72T - 90)
(Z:T c%af:% IS g—eoszJ% %ﬁmnf)
= R]]\ﬁlem sin~* % —0 (R — o0)
v, AR, /FAF(s)e“ds -0 bR S,
BRI,
’/DEF F(s)e**ds| < /5;/2 1]1\34’6 exp(zR cos§)Rdf = };,\64_12 /OW/2 exp(—zRsin6)do

(K%iﬁ sin 6 > 72T0 ZHW5 2:)

2M /2 2
T /0 exp (—WxRH) dg — 0; (R — o0)

il

AEBA#E
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Bl.  f(x) =z D Laplace Z#i 23 H L TH S,

] 4+ = / 7szd$——f sx}:}:;

o0

e rdr = [
0

WA,

1 1
r<(0 D&& — [ e —=ds=0
2mi Jr  s?
1 1 des®
r>0 D&& — ¢ e —ds = ¢ =z
2mi Jo o s? ds | _,

0. zH(x)IZ72 5,

3.3 WL DO2Hh0FEKR

Keywords; 727z AiA &
f(z) @ Fourier 2241, KU, Laplace £#i% ZhZh

Fifl=[ e f@de,  Llf]= [ e f)de
rELZIZT S,
(1) e
FIf) = [ e f()da
= [e i) +ik /_ O:o e~ f(2)dz = ikF [f]

| S ——

L[] = /OOO e f(x)dx = [e_szf(x)}zo +s /OOO e f(x)dx

(2) 9 f(z) DRD F(z) % F(z) = /O Fla)da' + F(0) &5, BB, F(z) =
fz) THB,
LF] = /0 ~ dwe { /0 " da'f(2) + F(0)
- [T / " dre oty + T

= / dxesxf
L{f] = 0) + sL [F]

( ) _ F(0)+L[f]

S
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F[F| 3% DRENBETH S, (1) ORHOAREMND L, F[F]=F[f] =
v

ikF [F]| L7220, BAEREZERT S5 L
CFlf]  L[C1_F[f]
Fm_ik+ﬂ%y_w+am)
LA,
(3) FATHH
Flfwta)] = [e™f@+ads  (y=a+a LEBEHRT 3)

= et / ™ f(y)dy = e™F [f]
L{f(x+a) 2585 T 572012, f(z)=0(x<0) 2IKET S, a>0D& X
L{f(z+a) = Amamﬂx+amx_emlmawf@my
= e LU= ey
a<0DEEITE, flz)=0(z<0) EIKELZDT
L{f(+a) = e [~ e 7 (y)dy = L]
(4) FEREIR & O

Flewf@) (k) = [ e e f()da = F [f] (k +ia)
L /@) (s) = [ e e f(a)de = L] (s — )

(5) x & D

Flof@] = [ e ™af(a)de

(6) T=f=ddd BAEL f(x) & g(z) DI=T= A H (convolution)h(x) I%
W)= [~ Sy~ y)y
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TEHEIND,
Fln = /Zdw%“/Z@M@M@—y) (z=2—yrHI)
= /_oO dze #(=ty) /_OO dyf(y)g(2)
= [zl [T dye i) = F(f)F g
L[p] = Amdw*ffiﬁdwww—y)
- /Oody/oodxe’”f(y)g(x—y) (z=z—y&HX)
0 Yy
::/<M/dw““W@M@=LmLM
0 0
Bl  f(t) ZAEEORBEBE LT, a5 AR

Y +yy = f(t)
% Fourier 1% FIWNTH N THA S,

w) = /dt e y(t)

D & 512 Fourier £#1% KXRx$ 5, HEADML% Fourier £#13 5 &

o i . ) f(w)
iwg(w) +77w) = flw), BT gw) oty
Z % Fourier WA H13 5% &
d d o (Y
y(t) — w ezwt f( ) /ﬂ/dt/ezwt—zwt f( )
w —1—7 27 w +y
_ /@f gty L
w + 7y
=]
> > dw iw(t—t") 1 / ! M =
;_?\[:/ Et>tet<t OBEIZHITTE
00 271' w + Y
"I BL
dﬁeiw(t—t/); =) (> )
cy 2m w + 7y
I =
dw 1
’Lw(t ') =0 t < t/
27r w + 7y ( )

HU. Cy & $EE¢:¥ AR D EAEH R 72 XN 2 AT A 72 Bk

ko HUZ, t
::‘/ A’ f(t') e 1)

NELND, ZITHERELRTNIERSZRVDIE, 23R TRDZ%
fRIZIEFEIRARERDME Ce™ " DEHPEEFNTVWARVWRTH S, TDIH
It — —oo THEXL Fourier 2T Z 72\ 72812, Fourier Z# T
RN VD TH S, IO WHET 5 &, Fourier Z#1 T\
T2l t = —oco THIHMEZ 5 2725 DT> TV 5,

48



B2, 1. FEUAREA%E Laplace Z#i% AW TN TA S, Laplace
2%

j(s) = /OOO dte " y(t)

LEHE. HEADMI% Laplace #1195 &
—y(0) + si(s) +vi(s) = f(s) Wiz, ?J(s)zM
»F 55, Laplace HiZ
y(t) = ds . f(s) + y(0)

2m s+
THBEHN, DFOE2IHIL, t>0IZ/RLT

E / sty . 0 —yt
27rz s—l—’y = y(0)e

*H5.Z2 5, JHIZIRD L S IZEHR I N5,
%11;@\‘ 7€St / / test— st’
T 27 s—|—7 2m s+7
ds est=t)
= de' f(t
/0 e r 270 s+
=1

ZZT, Cp(Cr) &7 (4) EMEMI IR ZMEle LT, 113

s(t—t")
t>t D&& I= d—s,e — ¢ (t=t)
cp 2T s+ 1y
ds est—t)
t<t D&& I= &L =0
Cr 2m1 S+ 7y
L7 5DT,

t
I — / dt/f@/)ei’y(tit/)
0
W, e LT

y(0) = yO)e ™ + [ v f(e)e

#1856, TNiE, t=0TOYARMZHZTHEIZR o TWD,

FE. <0z LTI yt) =02 52570, 20l Laplace &

HOMHEIZE S £ DT, M NS HREADOM L1372 A DR
B,
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4% Partial Differential
Equation (R
D HAEN)

R

It is not easy to discuss a general theory of PDE (Partial Differential Equation).
In the lecture, after deriving the three normal forms for the linear second-order
constant-coefficient two-variable PDE, we shall only discuss some examples for
each type.

4.1 Normal Form (1Z2#2)

Keywords; elliptic type (6 %!), hyperbolic type (A HHHL), parabolic type (J&¥)
#1), Dirichlet condition, Neumann condition, Cauchy condition
A general form of the second order constant coefficient linear PDE with two
variables may be written as
Juey) o 0uy)  Bulzy) ,0ulzy) , Oul@y)
0x? 0x 0y oy? ox oy

+fu(z,y) = g(z,y).
(4.1)
This can be reduced into one of the following normal forms depending upon the

sign of ac — b?;

ac—b >0 — @ + @ + = g(&,n) elliptic type (¥8FEY)
aez " a2 ’
ac—b* <0 — Ou - Ou + Xu=g(&n) hyperbolic type (FHZY)
o0&z on? ’
) Ou  Ou ) |
ac—b'=0 — —+—+Iu=g&n) parabolic type (F41%Y)
0¢2  0On
Proof:
Let us begin with the case of ac — b* = 0. Eq.(EZ) can be put in the
form of
2
a (;x + Z;y) u+ <2d88:c + 2@(%) u+ fu=g(z,y).

This will be the normal form if we can define the new variables £ and

71 that satisfy
o bo 0

— + — and

b QdQ 26&_8
or  ady O

a Ox + ady on
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In order to achieve these, we put
x=A¢+ Bn, and y=C¢+ Dn,

then we have

0 0 0 0 0 0
—=A—+4+C— d —=B—+D—.
o6 “or TP M 5, Pty
By comparing the above two sets of equations, we obtain
a-1, B=2 c=t aa D=
a a a
and 9 5 / )
u U
8752‘1‘8774'5 —59(5777)-

For the case of ac — b # 0, the terms with the first order derivatives
in () can be eliminated by putting u = u; exp(—ax — [y) with
appropriate o and f3;

0 0 0 0

ou — gur auy 6—0496—51/’ gu — gur Buy 6—aw—ﬁy’

ox ox oy oy

0? 0? 0
4 < o QQﬂ + a2u1> ez =hy

Oz 0x? Oz
82u (92114 aul 8u1 —az—By
m%“(m%‘ﬂm_aw*ﬂM1e !

0%*u 0%uy ouy 9 By
aiy2 (ay2—2ﬁay+ﬁu1 (& .

By inserting these into (E0), we obtain

0
the coefficient of %e’a“’ﬁy 0 2d — 2ac — 2003,
x

0
the coefficient of #e’am*ﬁy : 2e — 2¢f — 2ba .
Y

These coefficients equal to zero if o and g satisfy

(o) (5)=(0)

which is possible because the determinant of the matrix in the left hand
side is not zero. Therefore, (A1) becomes
82U1 82’&1 82U1

— ax+Py =
a a.’L'Z axay +c ayQ +f1u1 ge gl(x’y)

(200N, (et 2
~ "\ oz a dy “ a 8y2u1

0? 0?

- o T oy
Q.E.D.
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Examples

0? 1 0?
83;5 = Ca;f wave equation hyperbolic type
0? 0? 0?
A = (8952 + 87342 + 822> =0 Laplace equation elliptic type
0? 0? 0?
A = (W + B + 822> Y =p  Poisson equation elliptic type
10y o . .
Np — S 0 Diffusion equation parabolic type
K
R L O . :
—— N+ V(x)p = ith— Schrodinger equation
2m ot

In order to solve a PDE, boundary conditions should be specified. There are
three types of boundary conditions. (i) When the value of the function 1) is given
along the boundary, the condition is called the Dirichlet condition. (ii) When

0
the value of the derivative normal to the boundary an = (V¢), is given along
n

the boundary, it is called the Neumann condition. (iii) If both of ¢ and g:/; are
imposed, we call it the Cauchy condition.

We know from the study of electromagnetism that there exists one and only one
solution for the Laplace equation with a closed boundary if either the Direchlet
condition or the Neumann condition is imposed, but the Cauchy condition can not
be imposed. It is not easy, however, to tell in general that what kind of boundary
conditions are necessary and sufficient for a solution to be unique for a given partial
differential equation with a given shape of boundary.

In the following, we will discuss several examples.

4.2 Laplace and Poisson Equation

Since all of you should have had a lot of experiences in solving these types of
equations in the study of electromagnetism, we will not discuss them here.

4.3 Wave Equation (REIHFEN)

The wave equation with one spatial dimension is given by

Py _10%
or2 2 o2’

The general solution for this is easy to write down as

U(z,t) = f(x —ct) + g(x + ct),

where f and g are any two times differentiable functions.
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Example 1. First, we consider an initial value problem. This may be regarded
as a boundary condition problem for the open region ¢t > 0 and —oco < x < co. In
this case, we have to give the Cauchy condition at ¢ = 0, namely,

O (x, 1)

U(x,0) = u(z), 5 = v(z).

Then we obtain

u() = f(z) +9(x),  v(z)=—cf'(x) +cg'(x).

If you integrate the second equation and define V(x) by V'(z) = v(z), the partic-
ular solution that satisfies the initial condition can be written as

P(z,t) = ; <u(x —ct) — iV(x - ct)> + ; (u(x +ct) + iV(x + ct)> .

Note that the integral constants in V' (z) are cancelled each other in the expression.

Example 2. Now we discuss the boundary condition problem for the region
x>0 and t > 0. If we impose the condition along the z-axis for z > 0 as

oY(x,t
w0 =u@), PO ),
t=0
and along the t-axis for ¢ > 0 as
¥(0,8) = w(t),

then we obtain, as in the same way with the previous example, for x > ct

W, t) = ; (1t —et) - iV(m —at)) + ; (uw+ )+ iV(x vet))

For x < ct, however, this form of solution can not be used because the arguments
of u and V become negative, which is not allowed in this case.
We assume the form of the solution for x < ct as

1 1
(x,t) = F(x —ct) + 3 <u(x +ct)+-V(x+ ct)) :
c
The boundary condition along the t-axis gives

0(0,8) = F(—ct) + ; (u(ct) + ivw) — w(t)

thus we have ! ]
Pl=ct) =w(t) - (u(ct) 4 cV(ct)) ,

which determines the solution uniquely.

It is worth to note here that only one out of ¢(0, t) and 0v/0t|,_, can be imposed
along the t-axis. Physically this is because the effect of the initial conditions along
the z-axis reaches © = 0 for ¢ > 0.
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4.4 Diffusion Equation (YL88AEN)

Keywords; Diffusion Constant, Equation of Continuity, Fourier’s Law, Thermal
Conductivity, Specific Heat, Error Function, Diffusion Length

The diffusion equation describes diffusion process of matter. In many cases, a
flux of the matter fp is proportional to the gradient of the matter concentration p
as

-

Jp=—DVp,

where the coefficient D is called the Diffusion Constant. The time derivative of
the concentration, on the other hand, is related to the flux by the Equation of

Continuity,
dp
ot
because quantity of the matter conserves at any spatial points. Eliminating the

+v'jp:07

flux from the above two equations, we obtain the diffusion equation for the matter
concentration

@ = DV?p
ot '

Spatial distribution of the temperature T also follows the diffusion equation.
The heat flux j’T is proportional to the temperature gradient as

jr=—KVT,

which is called Fourier’s Law. The coefficient K is called the Thermal Con-
ductivity. In the situation where no work is involved, the variation of the internal
energy density ug is due to the heat conduction, thus the law of energy consevation
leads to the equation of continuity for the energy density,

aUE' -
— . =0.
ot +V-jr

In the case where the Specific Heat C' does not depend on the temperature, the
internal energy ug is a linear function of the temperature 7,

up = CpT + constant,

thus we obtain

In the following, we shall restrict ourselves to the one-dimensional case, namely,

o (z,t) KﬁzT(x, t)

ot 02

(4.2)

Example 1. Suppose that thermally conductive material fills the space be-
tween x = 0 and x = D, and that its temperature is uniform and zero at the initial
time ¢ = 0. We also assume that the boundary at x = D is thermally insulated,
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but from the other boundary at x = 0, the material is heated by the constant heat

oT
flux @. Since the heat flux j is given by the temperature gradient as j = —K s
x
our problem is to solve (A2) with the Neumann type boundary conditions,
oT (z,t T (x,t
0T o oTws|
or |, or | _p

and the Dirichlet type initial condition,

Note that the general solution that satisfies the boundary conditions is expressed
as the sum of a particular solution 7}, with the inhomogeneous boundary conditions
and a general solution 7, with homogeneous (@) = 0) boundary conditions, namely,
T=T,+T..

First, we consider the particular solution T,. We assume the variables x and ¢
separate as Tp,(z,t) = u(x) + v(t), then eq.(E2) becomes

V'(t) = ku"(z) = a.

The both sides of the equation should be constant o because the left hand side
depends only on ¢ whereas the right hand side depends only on x. Therefore, we
obtain
la ,
v(t) = at + const.  u(z) = 3% + ax + const.
K

a, a, and const.’s are integral constants but we can neglect const.’s because the
boundary conditions are given by the derivative 07 /0x and we are only interested
in a particular solution here. From the boundary conditions ;

-K [ax + a} =@, {ax + a} =0,
the constants o and a are determined as
_ e _Q _ Q
DK DCp’ K

Thus the particular solution 7, is

1
Ty(z,t) = u(x)+o(t)= ing + az + at + const.
K
1Q , @ Q

R . t.
2DK$C Kx+DC'p + cons

Q 2, @ :

= - D —t t.
2DK(x ) +DC’,0 + cons

The constant in the last equation can be ignored because we are looking for a

particular solution.
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Next we consider the general solution T, with the homogeneous boundary con-

@ 8u
ox 0 ~ or

2=D
To(z,t) = u(z)v(t), then we obtain

L) _u'(z) _ s

ko(t)  ulx)

ditions, = 0. In this case, we assume the variables separate as

where £ is a constant. We put the minus sign in front of the constant because we
are interested in the solution which decays in time, not the one which explodes

(See below). The solutions for the above equations are
v(t) = voe ™!, u(x) = Acos(kx + 6),

where vy, A, and 6 are integral constants. From the homogeneous boundary con-
ditions,
0 =0, kD =nm; n=20,1,2 ..,

thus N
T.(z,t) =Y Aycos(knz) exp(—kknt); ky = %”7
n=0
with A,’s being integral constants; They can be different for different .

The general solution for the problem is given by the sum of T, and T:

Q Q

Tt =55k DCp

(x — D) +

—t+ Z A, cos(k,x) exp(—rkZt) .

The integral constants A,,’s are determined by the initial condition T'(z,t = 0) = 0,
which gives

Q
2DK

Since this equation is in the form of the Fourier cosine series expansion for the right

> A, cos(knz) = —

n=0

(x — D).

hand side, we can obtain A,’s easily by multiplying the both sides with cos k,,
and integrating from x = 0 to x = D. Then the left hand side is

D 00 D1
Z / A, cos kyx cos k,xdr = Z A, / g{cos(kn + ky)x + cos(k, — km)x}dx
0 = 0

DA, itm=0
= 1 ,
therefore,
Q (P 2 1 QD
Ay = —7/ ~ D)%dz =
0 D Jy TP = e
Q [P Q 1
A, = _DQK/O (z — D)?*cos kp,rdr = —QWIC—Q (m #0).
Finally, we have
_ Qk =1 9
T(x,t) = DK t+2 Z e cos(ky, :L‘)(l - exp(—nk,j)) :
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Example 2. The next example is to solve the equation (E=2) for x > 0 under
the conditions,

Initial condition: T(x,t=0)=0 forz >0
Boundary condition: 7T'(x =0,t) =0 fort > 0.

For this case, it is convenient to define the Laplace transform in time,

F(z,s) = /Oo e ST (x,t)dt .
0

Then the equation (E22) is expressed as
OPF(x,s) 1 sF(z,s)
W = E[— T(:E,t = 0) +3F($,S):| = T,
=0

and the boundary condition is represented by

We can easily obtain the solution:

F(x,s)—?exp(—\/i~x).

Only the exponentially decaying term in x is retained in this solution because the
exponentially growing term is not physically acceptable. It is important to note
here that /s should be treated as a complex function and the branch must be
selected properly. In this case we have to take the branch which gives a positive
real part, namely, Rey/s > 0. For this choice of the branch, the cut runs along the
negative part of the real axis.

The solution is given by the inverse Laplace transformation

1 T
T(x,t) = 57 /1“ ?0 exp (—\/i . :E) elds,

and this can be estimated as follows.

Suppose the path C' as being the closed path which consists of the imaginary
axis, the large semi-circle in the negative real part, the path along the negative
part of the real axis infinitesimally above and below the cut, and the infinitesimally
small circle at the origin. Each part of the path C' is named as C;, i = 1,2,..,6
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and C' = Cy + Cy + C3 + Cy + C5 + Cg. Since there is no singularities inside the

path C|
1 T
—]{ —Oexp (_\/g . x) estds = 0,
2mi Jo s K

1 T S
f/—oexp (—,/-x) eslds ~ ...ds:—/ ..ds.
2w Jr s K Cy Ca+C3+Cy+C5+C6

It can be easily shown that the integrals along the large circle Cy and Cg go to
zero when the radius of the paths goes infinite. The integral along the small circle
at the origin Cj is estimated as

1 T 1 T
— -0 exp (— 2. ac) estds ~ —f Vds = —Ty.
2w Jo, S K 2wy Jo, S

thus

The integral along C5 which runs infinitesimally above the cut is
1 T / 1 0 T /
i 0exp<— S'ZL‘)GStdS:./ 06Xp<— S'$>65td3
2w Jos s K 211 J 0o S K
= 7/ —Oexp (— —s. x) e *'ds
2miJo s V &
—1 =T,
= —/ =0 exp (—z' 2. a:> e *ds,
2me Jo s K
and the integral along C5 which runs infinitesimally below the cut is
1 Ti / 1 =T /
2w Jos s K 2mi Jo S K

1 oo T
= 7/ = exp (—{—i,/s . a:) e Sds.
2wt Jo s K
Therefore we obtain

1 T
T(x,t) = To— — 09isin (/2 ) etds
2w Jo s K

(by transferring the integral variable as s = 2%, ds = 2zdz)

)

— T [1 - i/ooo sin \Z/:% eXp(—th)dZZ] _ T, [1 — erf (2;’?” .

In the last equation, erfz is the Error Function(FRZERE%) defined as

2 x
erfx = ﬁ/o e dt

and the derivation is left to the readers as an exercise. (not easy!)

Example 3. As the last example, let us consider the equation (E2) for
—00 < x < oo with the initial condition T'(x,t = 0) = f(x). For this problem, the
Fourier transform in =,

F(k,t) = /dxe‘ikxT(m,t),
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is useful. Then eq.(E=%) becomes

e  19F(k,t)
(k1) = -

and the solution for this is
F(k,t) = ¢(k) exp(—rk?t) .

The function ¢(k) is an integral constant that can depend on k. This is determined
by the initial condition as

d(k) = F(k,t =0) = / dze= e f(2) |

Thus the solution is obtained by the inverse Fourier transform,

T(x,t) = 217T / dke* (k) exp(—kk2t) / dk / o eiha—ika'—rk?t £ (1)
= /da:’f(x') {;ﬂ/dke’k 2=z’ _"‘kﬂ = /dm G(x —2',t)f(x)).
= G(x — 2 t)

The function G(x — 2/, t) defined by

1 - 1l 2
G o t = /dk ikrx—ikax’ —kk=t
(z —',1) o e

1 (x —a')?
VArkt 4kt
is the Green function for the diffusion equation. It should be noted that T'(z,t) =
G(z,t) if the initial condition is given by the delta function f(z) = d6(x), and
that the width of the temperature distribution grows as v/t. The length vkt is
sometimes called the Diffusion Length (IL&8&) .

4.5 Wiener-Hopf Method

The Wiener-Hopf Method is a very interesting method, which enable us to
solve a special type of boundary condition problems. The method makes full use
of the complex function theory and may provide us a good exercise to finish the
lecture of the Physical Mathematics I.

Among a lot of techniques that are employed in the method, the following simple
observation is essential: If we have an equation

with the left hand side L(z) being regular in the lower half plane and the right hand
side U(z) being regular in the upper half plane, then the both of them should be
an entire function M (z) because they are regular in both the lower and the upper
half plane.
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This innocent looking observation often leads us to the rather strong conclusion
that M (z) should be a constant or even zero! This is a simple result of the Liouville
theorem which claims that all the entire functions except constants diverge as |z|
goes to the infinity. In the case where we know from some reasons that L(z) or
U(z) should not diverge as |z| — oo, the function M (z) must be a constant. In
the case where we know from some reasons that L(z) or U(z) should go to zero as
|z| — oo, the constant is zero.

Although the essential part of the method is simple, actual applications are often
very complicated even in the simplest cases. In the following, we will see how the
method goes by taking a simple example.

The problem we will consider is to solve

Pu(z,y) N Pu(z,y)
0x? 0y?

—u(z,y)+1=0 (4.3)

in the upper half plane, or y > 0 and —oo < & < co. The boundary conditions
are given at the infinity and along the z-axis as

u(z,y) > 1 asy — o0, Dirichlet condition (4.4)

u(z,0) =0 forxz <0, Dirichlet condition

0

a—u =0 forxz>0. Neumann condition (4.6)
Y x=0

The peculiarity for these boundary conditions is that the Dirichlet and the Neu-
mann condition are mixed and the values of u(x,0) for z > 0 and Ju/dy|,—o
for x < 0 are not specified. We suppose that these are represented by unknown
functions U(x) and o(z) and write the conditions (E3) and (E8) as

_Jo @<0)
u(z,0) = { U(x) (z>0) (4.7)
ou o(x) (x <0)
aiy y=0 { 0 (.1' Z O) ' (48)

You may immediately notice that u(x,y) = 1 is a particular solution for the
inhomogeneous equation (E=3), but we will find that another particular solution
u(z,y) = 1 — e”¥ may be more convenient to express a general solution for the
above boundary conditions.

In order to find the general solution for the homogeneous equation of (E=3), we
define the Fourier transform of u(z,y) by

u(k,y) = /da:u(x,y)e_ikm.
Then the homogeneous equation is written as

*u(k,y)

o (K + V)a(k,y)
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and its solution is

u(k,y) = A(k)e V1Y - B(k)etvE Ly

where A(k) and B(k) are integral constants for each k. Therefore, the general
solution for the original inhomogeneous equation (E=3) is given by

(217]?3(]{:)64-\/1@—1—1 y+ikzs (4.9)

Now we impose the boundary conditions (£4), (2=7), and (E=R) on the solution

~

(E9). We can find easily B(k) = 0 from (£4). From the boundary condition (£=7),

we obtain

ule,y) =104 [ R ARy vy f

ar ke _{ U) (z>0)

thus A(k) is the Fourier transform of the right hand side, or

~

Ak) = U (k) = /0 " daU (z)e ke (4.10)

The superscript (+) in U (k) is to emphasize that it is the Fourier transform of
the function which is non-zero only for x > 0. It is very important to realize that
there are no poles or no singularities of U () (k) in the lower half of the complex
k-plane because the integral (B-10) converges for Imk < 0. The last condition (E=R)
gives us
L U U
27 0 (x> 0)

from which we obtain
om0(k) — VE2 + LU (k) = 6 (k). (4.11)
We like to point out that ¢(~)(k) is regular in the upper half plane.

Now we will separate the singularities of eq.(E—). First of all, the delta function

can be decomposed as

1 1
26 (k) = -
M) = e T E e
by using the formula
1 1 .
. = v Friok),

where € is an infinitesimally small positive quantity and @ indicates that the prin-
cipal value should be taken when the function is integrated.
Then eq.(E—) becomes
VEFLU® (k) - —— = O(k) - — (4.12)

—_—— k —ie ke

The right hand side of the equation (E12) is regular in the upper half plane but
the left hand side is not in the lower half plane because the first term has the
factor v/k? 4+ 1, which has branch points at k = +i.
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In order to remove the branch point in the lower half plane from the left hand
side, we factorize v k% + 1 as

VE2+1=vVk—i-Vk+i
and divide the both sides by vk + ¢, then obtain

A 1 1 1 l
VR Uk — _ (A(‘)k - ) 41
U i vEn O W) U)
—_————

where we can assume the cuts of the square roots run along the imaginary axis
from i to ooi for vk —i and from —i to —ooi for vk +i. The separation of
singularities has not completed yet because now the second term of the left hand
side has a cut in the lower half plane and a pole in the upper half plane. They can
be, however, separated easily as

1 7 i 1 1 1 7
—— = |-t =,
Vk+1 k—1e k(vk—i—i \/Z> Vi k —ie
where the first term of the right hand side is regular in the upper half plane and

the second term is regular in the lower half plane.
Thus the separation of singularities is finally completed as

e 1 l B 1 o ( i 1
—VE iU = Zr = \/k:—+z'<0( )<k)_k+ie>+k<m \/§>
= M(k), (4.14)

both sides of which should be equal to an entire function M (k) as we have discussed
at the beginning of this section. From (B-I4), we obtain the Wiener-Hopf solutions

OD(k) = _\/%{;m_izﬁmk)}’ (4.15)
GOk = kj% k—l—z{ (\/1_ \;) M(k)}. (4.16)

Now we try to determine the entire function M (k). If we require the solution
u(z,y) be continuous, then U(z) — 0 as x — +0. Since the behavior around
2 = 0 is related to the behavior of the Fourier transform U™ (k) around |k| ~ oo,
the requirement implies

N 1
O (k) ~ o (k) for [k| ~ o0.

From (BIH), this determined M (k) as M(k) = 0 because the Liouville theorem
assures us that all the entire functions but constants diverges as |k| — oo.

Therefore the solutions in the Fourier transform are
. 1 1 )

U = ‘m7 F—ic

sk = kﬂe —VE+ti- (m \2)
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which can be transformed back into the x-space as

U) = [0 (k)e* = H(x)erf (V) ,

™

€_|I‘
olz) = H(-z) t+erf (V)|
where H(x) is the Heaviside step function defined by

(1 (x>0
H(x)_{o (x<0)

u(z,y) may be obtained from (29).
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