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Dynamics of the Rattleback

The bottom surface of a rattleback can be approximated by a quadric surface, while its
principal curvature directions deviate from the principal axes of inertia. To describe the
dynamics of the rattleback, we introduce two coordinate systems: the coordinate system
XY Z fixed to the rattleback with the axes aligned with the principal axes of inertia and
its origin at the center of mass G, and the inertia coordinate system zyz with the xy
plane on the floor and the z axis pointing upward vertical direction.

In the XY Z coordinate, the moment of inertia tensor I is diagonal and is assume to be
given by

) A 0, 0
1= 0, B, 0
0, 0, C

On the other hand, the bottom surface of the rattleback is expressed by the shape function
f(R) as

f(R) =0,
The function f(R) is given by a non-diagonal matrix é)g as
1 A X 1 A
ﬂR%z%ﬁEﬂXKZﬂk g :—LH;H@JL (1)

Let & be the misalignment angle between the principal axes of inertia and the principal
axis of the ellipsoid. Then the matrix ©; is given by

. o X 6, 0, 0 R cos&, —sin&, 0
6= REORE™, =0 6 0, RE=| sng cost 0
0, 0, 1 0, 0, 1

Y Y

The center of mass (COM) of the ellipsoid is assume to be located at the center of the
ellipsoid, then the height of G (COM) is a when the rattleback is placed horizontally,
and the principal curvatures are 6/a and ¢/a. For a typical rattleback, these parameters
satisfy the conditions

(K, A > B, 1>60>¢>0.

Equations of Motion: Let vg be the velocity of COM and w be the angular velocity,
then the translation and the rotation equations of motion are give by

d’UG
M=—% = F — Mgeé, 2
p gé (2)
d(lw) _ Ry
di = RC X F, RC =Tc Ta. (3)

Here, F' is the reaction force from the floor, and R is the vector pointing from the center
of mass G to the contact point with the floor C.



The position vector of the contact point R¢ is determined by two conditions: the contact
point C should be on the bottom surface, and the normal vector at the contact point C
should be in the vertical direction, namely

f(Rc)=0,  Vf(Rc)| eé.. (4)
The reaction force F' determined by the no-slip condition,

Vg = RC X W. (5)

Solution of the Equations of Motion: Eliminating the reaction force F' from the
translation and the rotation equations of motion, we obtain
d (f w)

dt :R(/*XM(i(chw)ngéz)

dt

Now, in the XY Z coordinate, the time derivative can be expressed as

d(Iw .. .
(dt ) =Jw+wx (Iw),

d 0
E(RC><<,‘)) :&(chw)—i—wx (chw)

:chw+RC><dJ+wx(RC><w)
:Rch+R0ch+w2Rc—(w~Rc)w,

using the apparent time derivative in the XY Z coordinate

da
E ‘=a:=axéx +ayey +azéy

Then, the equation of motion is re-written as

[io+w x (Iw) = MR x (Re x w+ Ro x & + w*Re — (- Re)w + gé. )

[& —MRe x (Re x &) = —w x (Iw) + MR¢ x (RC xw+wRe— (w-Re)w —|—géz>
féo— M((Re - @) Re — R2@) = —w x (Iw) + M(Re x (Ro x w) — (w- Ro)Re X w + gRe x &)
= —w X (fw)—l—M((Rc w)RC - (RC . Rc)w — (w . R0>RC X W —|—ch X éz>

fo& = —w x (Iw)+M ((Rc - w)Re — (Ro - Re)w — (w- Ro)Re x w + gRe x é. )

W= 51(—w X (fw) +M<(Rc-w)RC— (RC'RC)W— (w-Rc)Re xw+gRe Xéz))

Here, Ic is the inertia tensor centered around the contact point C,

. A—i—M(R% —X%), —MXOYC, —MXOZC
Io = —MYeXe, B+ M(RE: —Y3), —MYeZe
—MZ:Xe, —~MZ:Ye, C+ M(RE: — Z2)



d’l"G
dt

& = 51<—wx(fw) + M ((Re - w)Re — (R - Re)w

~(w- Ro)Ro x w + gRc x &) )
dr, 1

o §waq; R, : the transformation quaternion from the XY Z to the zyz frame



The contact point position Rs and its time derivative Rc

Suppose
1 X 1
f(R):=-1+5(X,Y,Z)0: | Y | =—1+ = R' &R,
a a
A
R o X 6, 0, 0 R cosé, —siné,
O = R(EORE)™, ©:=[ 0, ¢, 0 |, R :=| sing cosé,
0, 0, 1 0, 0,
then, we have
2 [ X 5 .
Vf - —2 @{ Y - —2 (")gR,
a a
A
which leads to
~ €27 A ZC A—1
Vf H e, = e,= @gRC = Rc= @£ e..
ZC €.z

From f(R¢) =0, we also have

2 £ A Zc ’ t -1 t -1 —1/2
a®>=R.O:Rc = edle. = Zo=-ac., (ez@g ez> .

€27

Time Derivative:

2
€.z €,z €27

: Ze  Zgbaz \ A Ze -
Rc:< ¢ _ CeZ) 6;'e. + —= 67 '¢.

N oA .. 7 .
@>=R.O0;Rc = 0=R.O0.Rc=R."%e. = e.-Rc=0

€22
Substituting the above expressions into this, we have

Zo b Zc 4 a1 .
— -2 )e Roc=——¢€ O e, = —RLe.
ZC €27 €7

. .t .
. €.z e RC €.z ZC .
ZC = ZC 22 tz = ZC 2 262RC
e.z €. Rc €z €70

This matches the previous expression.



Parameters:

e Geometrical parameters:
e Physical properties:
e Physical constants:

e Auxiliary parameters:

Variables:

mass and moment of inertia tensor

M=M,+M,=1;  M,=mr2Ly,p, M,=mr,Lyp

1 r2L
A= —M,L?  M,=—+""—
127 o2l + 2L,
1 r2L
B=—M,L?*  M,=—=%"__
12 * 2L, + 2L,

C=A+DB

: : : . AS _ Bp-1
Relationship between coordinate systems: A) = R/A’R,

ezxi + ezyj + 6zzl;‘ = Rl;l];’ Rq

€Xx% + Gij + ele% = Rq %Rq_l
6yx€ + eyyj + €YZ]A€ = quRq_l
€ZI% + ezyj + €ZZ]A€ = Rq ffR;l

Energy

1 1,
E=K+U:; K:§MUé+§wtlw, U=—-MgR¢ e,



Small oscillations about the X axis (pitching):

Supposing that, in the case ¢ = 0, the pitching oscillation satisfies
w=(w,0,0), Rc=(0,Ys,—a), e,~(0,u,l),

we will determine the period of small oscillation aroud the X axis within the first order
approximation in w, Yo, and u.

The component of e, in the XY Z frame follows the equation

de ) .
“=¢é,twxe, =0 = uxw, (6)
dt
while we can approximate as
Yo ~ —a¢tu, Yo = adtw

because Zo =~ —a, e,z =1, Zo =0, é,7 =~ 0.

These approximations lead to the equation for w

b - g(0,Ye,—a) x (0,u,1)] :M—aQi(Y + au)
A+ Maz?\ O OV T AT M2 2 V'
Ma*> g 1
e A |
A+Ma2a(¢ )u

within the first order approximation of small quantities. Using Eq.(6), we have

Ma?

CL)N_A+Mc12

HCRE

thus the pitching oscillation period is
A 1 a
Tpitch ~ 271'\/<Ma2 + 1) ﬁ g_]

Small oscillations about the Y axis (rolling):

Similarly, the rolling oscillation period is

B 1 a
Tron = 2 1 —.
! 7T\/(]Wa2 i > -1 —1g




