5/23, 2021. Hiizu Nakanishi
Huygens’ Synchronization of Coupled Two Pendula

We will try to invent simplest model for synchronization of two clocks, or Huygens syn-
chronization.

1) Single pendulum: The clock may be modeled by a pendulum with damping and exci-
tation. First, we formulate the pendulum without damping and excitation:

r=1{sinf), y= —Lcosb, i="0cos00, §=~Lsind.

Then, the Lagrangian
1 .
L= §m€202 + mgl cos 6

the equations of motion

oL :
Po = — = m€20
00
% = —mglsin .
ot
With the damping and the exitation, the equations of motion become
: 1
0 =—
> Do,
. : 1 Do
pe = —mglsinf ——py+ N(0)—
T Do

with the exitation function N(#), which may be something like

1

N(0) = Noy g7

2) Coupled pendula: Two pendula are coupled through the board with the mass mg and
the elastic constant K.

the coordinates:
1 =X +lsinty, y, = —Llicosby, wx9=X+/lysinfy, yo,=—lrcosby, X
the velocities:
S'L’l = X + 9.161 COS 61, 3)1 = ‘9‘181 SiIl 91, jﬁg = X + 9‘282 COS 92, 3)2 = 0.262 sin 92, X
Lagrangian.:
L=T-U
1 Y . - 1 - . )i 1 Y
T = m (X + 20, cos 0, X6, + zlel) +5m (X + 205 cos 0o X 0 + 6202) + 5moX

1
U = —mygly cos 01 — mogls cos by + §KX2



Momenta:

oL o
P1 = 8_91 = ma (61 COS 91X —+ 6101>

oL
P2 = 892 = My (62 COS 92X + 14 02)

oL . : .
px = o - (M1 4 ma +mo) X + myly cos by 61 + mals cos 6, 0,

Equations of Motion:

: oL 1
P11 = (m1€1X91 + mlgfl) sin 91——]91 + N1(01>
891 |p1|
i oL 1
P2 = 802 (m2€2X92 + m29€2) sin 92——])2 + N2(5'2> I 2‘
: oL 1
Px = X _KX_EPX




1., - R 1 .-
L=_ .tAq - Ua p= A(ja H = EptA_lp + U(q)

2
th b1
g=| 02|, p=| p |,

X Px
A my 2, 0, mq ¥y cos b, a, 0,
A= 0, mol3, molacosfy | = 0, b,
mali cosBy, malycosby, M d, e,

M= my + Mo + My

A 1 bc — €2, ed, —bd 1 a, f, d
A7l = T ed, ac—d? —ae | = o flon, e
© —bd, —ae, ab © d, ¢,

det = abe — ae® — bd?

= m2€§ m2€§ M — mléf (m2€2 cos 62)2 - m2£§ (m1€1 cos 91)2

Equations of Motion:

oH 0OH

= — — A_l ) — ——
( 1

0 = ot (a’pl + f'p2 + d/px)

. 1
0y = a(f/pl + b'ps + €'px)

L X = E(d/pl + €e'pa + Cle)
( 1
1= —(mi 6o X 6, + magh) sin—— py + Ny(0,) -
al ‘pl‘
_ .. ] 1 ]
Py = —(m2€2X92 + ng@) S1n 02_7])2 + N2(62) p72
T2 ‘p?‘
) 1
px =-—KX——py
\ TX




3) Coupled three pendula: Three pendula are coupled through the board with the mass

mgo and the elastic constant K.

the coordinates and velocities:

T
n

Lagrangian:

L=T-U

1 . . . 1 . . .
T=m (X2 + 20, cos 1 X6, + ﬁ%@%) + 5ma <X2 4205 cos 0o X 6 + 5393)

=X +/{;sinf,
= —{; cos b,

=X + gg sin 02
= —{ycos b,

=X + 63 sin 03
= —/{3cosl;

X

T
Y

T

T3
U3

= X + 6,4, cos 01,
= ngl sin 01,
= X -+ 9262 COS 02,
= 9262 sin 92,
= X -+ 9363 COS 63,
= 9363 sin 93,

X

+ §m3 <X2 + 263 COS 93X93 + 5%9%) + §m0X2

U = —mygly cos bt

Momenta:
p1= 2911 my <€1 cos 01X + 6291>
P2 = 291; Mo (62 cos 0 X + (26 2>
ps = SeL?, = mg (53 cos 05X + £20 3>
pPx = g—)L( = (m1 + mgy + ms + mO)X + mq4y cos 0y 6’1 + moly cos By 92 + msls cos 05 93
Equations of Motion:
P = gng — (M6, X0, + migly) sin Gl—lpl - Nl(Hl) | 1|
Po = 39[; —(mala X0y + magls) sin 92—lp2 + NQ(HQ) . 2‘
P3 = ggl; (m3£3X«93 + m3g€3) sin 93—l D3+ N3(93) |p3|
px = gr = KX~y

— Mogly cos by

1
— magls cos O3 + §KX2



L=54'4¢-U, p=A4q,  H=5p'A'p+U(q)

01 b1

_ 02 _ b2

1= 03 P b3 ’

X Px
m 3, 0, 0, mq ¥y cos b,
A= 0, mal3, 0, maly cos Oy
N 0, 0, mgég, mgfg COS 93

maly cos By, malycosby, mslscosbs, M

MEm1+m2+m3+m0

Equations of Motion:

oH oH
. _ _ A—l ) — —
(
. .. ] 1 P1
po= _(m1£1X91 + m1g€1) sinfhy——p; + N1(91> Tm. |
1 |p1]
| g 1 |
Py = —(mgggXeg + m29€2) sin 0y —— po + NQ(QQ) {)2
T2 ‘[)2‘
' . ) 1 s
[ —(m3€3X93 + m39£3) sin 03— — ps + N3(03) -
73 |p3‘
) 1
px =-—KX——px
\ TX



Double Pendulum
Centers of mass:
1 . 1 . 1 . 1
r1 = 561 Sin 91, Y = —561 COS 01, To = El Sin 91+§£2 S1n 92, Yo = —61 COS 01—562 COS 02

.’tl = 561 COS 9191, ?)1 = 561 sin 9191, jfz = 51 COSs 91914—562 COSs 9292, yg = 51 sin 91914‘562 sin 9292.

Kinetic Energy:
1 1 -\* 1. .
T = §m1 (56191> + 5[119%
1 .1 \ 2 U I 1. .
+ §m2 0y cos 0,6, + 562 cosBy0y | + | £1sin6,0; + 562 sin 6,0, + §L292

. . 1 .\? 1.
= —m1 ( 6191 + 9 + m2 ((6191)2 + 61916292 COSs (91 - 92) + (56292) ) + 5[129%

2
( <; ) + L+ m2€2> 9% + %m2€1€2 Cos (91 - 92)9192 + % <m2 <%€2> + LQ) 93

1 m1 61 + L1 + m2€ > %mgflﬁg COSs (91 — 92)
a 01; 02

[\’)

1\° ( 0
§m2€1f2 CcoSs (‘91 — 62) (TI’LQ (562) + L2> 2

Potential Energy:

1 1
U= —mlg§€1 cos 0 — mag (El cos B + 562 CoS 92)

Hamiltonian:

1. .
H=zp'A7lp+U(0);  6=A"p,




Equations of Motion:

6 = fl_lp
oL 1 . 1

P1 = —— = —=malilssin(0; — 65)0,05 — myg={; sinfy, — mogl, sin 6,
00, 2 2

_ oL 1 . . 1 .

P2 = 8_02 = +§TTL2€1£2 Slﬂ(gl — ‘92)&192 — mgg§€2 Sin 82

1,\? 1
<m1 (5&) + Ly + mﬂ%) s §m2€1€2 COSs (91 - 92)
1 1\? B (
§m2€1£2 COS (91 — 62), mo 562 -+ L2

~ 1 _
Aﬂ:ﬂ( b’c ac)’ det = ab—¢?
€ )



