
5/23, 2021. Hiizu Nakanishi

Huygens’ Synchronization of Coupled Two Pendula

We will try to invent simplest model for synchronization of two clocks, or Huygens syn-
chronization.

1) Single pendulum: The clock may be modeled by a pendulum with damping and exci-
tation. First, we formulate the pendulum without damping and excitation:

x = ℓ sin θ, y = −ℓ cos θ, ẋ = ℓ cos θ θ̇, ẏ = ℓ sin θ θ̇.

Then, the Lagrangian

L =
1

2
mℓ2θ̇2 +mgℓ cos θ

the equations of motion 
pθ =

∂L

∂θ̇
= mℓ2θ̇

dpθ
∂t

= −mgℓ sin θ.

With the damping and the exitation, the equations of motion become
θ̇ =

1

mℓ2
pθ,

ṗθ = −mgℓ sin θ−1

τ
pθ +N(θ)

pθ
|pθ|

with the exitation function N(θ), which may be something like

N(θ) = N0
1

1 + (θ/θ0)4
.

2) Coupled pendula: Two pendula are coupled through the board with the mass m0 and
the elastic constant K.

the coordinates:

x1 = X + ℓ1 sin θ1, y1 = −ℓ1 cos θ1, x2 = X + ℓ2 sin θ2, y2 = −ℓ2 cos θ2, X

the velocities:

ẋ1 = Ẋ + θ̇1ℓ1 cos θ1, ẏ1 = θ̇1ℓ1 sin θ1, ẋ2 = Ẋ + θ̇2ℓ2 cos θ2, ẏ2 = θ̇2ℓ2 sin θ2, Ẋ

Lagrangian:

L = T − U

T =
1

2
m1

(
Ẋ2 + 2ℓ1 cos θ1Ẋθ̇1 + ℓ21θ̇

2
1

)
+

1

2
m2

(
Ẋ2 + 2ℓ2 cos θ2Ẋθ̇2 + ℓ22θ̇

2
2

)
+

1

2
m0Ẋ

2

U = −m1gℓ1 cos θ1 −m2gℓ2 cos θ2 +
1

2
KX2
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Momenta:

p1 =
∂L

∂θ̇1
= m1

(
ℓ1 cos θ1Ẋ + ℓ21θ̇1

)
p2 =

∂L

∂θ̇2
= m2

(
ℓ2 cos θ2Ẋ + ℓ22θ̇2

)
pX =

∂L

∂Ẋ
=
(
m1 +m2 +m0

)
Ẋ +m1ℓ1 cos θ1 θ̇1 +m2ℓ2 cos θ2 θ̇2

Equations of Motion:

ṗ1 =
∂L

∂θ1
= −

(
m1ℓ1Ẋθ̇1 +m1gℓ1

)
sin θ1−

1

τ1
p1 +N1(θ1)

p1
|p1|

ṗ2 =
∂L

∂θ2
= −

(
m2ℓ2Ẋθ̇2 +m2gℓ2

)
sin θ2−

1

τ2
p2 +N2(θ2)

p2
|p2|

ṗX =
∂L

∂X
= −KX − 1

τX
pX
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L =
1

2
q̇tÂq̇ − U, p = Âq̇, H =

1

2
ptÂ−1p+ U(q)

q =

 θ1
θ2
X

 , p =

 p1
p2
pX

 ,

Â =

 m1ℓ
2
1, 0, m1ℓ1 cos θ1

0, m2ℓ
2
2, m2ℓ2 cos θ2

m1ℓ1 cos θ1, m2ℓ2 cos θ2, M

 ≡

 a, 0, d
0, b, e
d, e, c


M ≡ m1 +m2 +m0

Â−1 =
1

det

 bc− e2, ed, −bd
ed, ac− d2, −ae
−bd, −ae, ab

 ≡ 1

det

 a′, f ′, d′

f ′, b′, e′

d′, e′, c′


det = abc− ae2 − bd2

= m2ℓ
2
2 m2ℓ

2
2 M −m1ℓ

2
1

(
m2ℓ2 cos θ2

)2 −m2ℓ
2
2

(
m1ℓ1 cos θ1

)2
Equations of Motion:

q̇ =
∂H

∂p
= Â−1p, ṗ = −∂H

∂q
θ̇1 =

1

det

(
a′p1 + f ′p2 + d′pX

)
θ̇2 =

1

det

(
f ′p1 + b′p2 + e′pX

)
Ẋ =

1

det

(
d′p1 + e′p2 + c′pX

)


ṗ1 = −
(
m1ℓ1Ẋθ̇1 +m1gℓ1

)
sin θ1−

1

τ1
p1 +N1(θ1)

p1
|p1|

ṗ2 = −
(
m2ℓ2Ẋθ̇2 +m2gℓ2

)
sin θ2−

1

τ2
p2 +N2(θ2)

p2
|p2|

ṗX = −KX − 1

τX
pX

3



3) Coupled three pendula: Three pendula are coupled through the board with the mass
m0 and the elastic constant K.

the coordinates and velocities:{
x1 = X + ℓ1 sin θ1
y1 = −ℓ1 cos θ1

{
ẋ1 = Ẋ + θ̇1ℓ1 cos θ1,

ẏ1 = θ̇1ℓ1 sin θ1,{
x2 = X + ℓ2 sin θ2
y2 = −ℓ2 cos θ2

{
ẋ2 = Ẋ + θ̇2ℓ2 cos θ2,

ẏ2 = θ̇2ℓ2 sin θ2,{
x3 = X + ℓ3 sin θ3
y3 = −ℓ3 cos θ3

{
ẋ3 = Ẋ + θ̇3ℓ3 cos θ3,

ẏ3 = θ̇3ℓ3 sin θ3,

X Ẋ

Lagrangian:

L = T − U

T =
1

2
m1

(
Ẋ2 + 2ℓ1 cos θ1Ẋθ̇1 + ℓ21θ̇

2
1

)
+

1

2
m2

(
Ẋ2 + 2ℓ2 cos θ2Ẋθ̇2 + ℓ22θ̇

2
2

)
+

1

2
m3

(
Ẋ2 + 2ℓ3 cos θ3Ẋθ̇3 + ℓ23θ̇

2
3

)
+

1

2
m0Ẋ

2

U = −m1gℓ1 cos θ1 −m2gℓ2 cos θ2 −m3gℓ3 cos θ3 +
1

2
KX2

Momenta:

p1 =
∂L

∂θ̇1
= m1

(
ℓ1 cos θ1Ẋ + ℓ21θ̇1

)
p2 =

∂L

∂θ̇2
= m2

(
ℓ2 cos θ2Ẋ + ℓ22θ̇2

)
p3 =

∂L

∂θ̇3
= m3

(
ℓ3 cos θ3Ẋ + ℓ23θ̇3

)
pX =

∂L

∂Ẋ
=
(
m1 +m2 +m3 +m0

)
Ẋ +m1ℓ1 cos θ1 θ̇1 +m2ℓ2 cos θ2 θ̇2 +m3ℓ3 cos θ3 θ̇3

Equations of Motion:

ṗ1 =
∂L

∂θ1
= −

(
m1ℓ1Ẋθ̇1 +m1gℓ1

)
sin θ1−

1

τ1
p1 +N1(θ1)

p1
|p1|

ṗ2 =
∂L

∂θ2
= −

(
m2ℓ2Ẋθ̇2 +m2gℓ2

)
sin θ2−

1

τ2
p2 +N2(θ2)

p2
|p2|

ṗ3 =
∂L

∂θ3
= −

(
m3ℓ3Ẋθ̇3 +m3gℓ3

)
sin θ3−

1

τ3
p3 +N3(θ3)

p3
|p3|

ṗX =
∂L

∂X
= −KX − 1

τX
pX
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L =
1

2
q̇tÂq̇ − U, p = Âq̇, H =

1

2
ptÂ−1p+ U(q)

q =


θ1
θ2
θ3
X

 , p =


p1
p2
p3
pX

 ,

Â =


m1ℓ

2
1, 0, 0, m1ℓ1 cos θ1

0, m2ℓ
2
2, 0, m2ℓ2 cos θ2

0, 0, m3ℓ
2
3, m3ℓ3 cos θ3

m1ℓ1 cos θ1, m2ℓ2 cos θ2, m3ℓ3 cos θ3, M


M ≡ m1 +m2 +m3 +m0

Equations of Motion:

q̇ =
∂H

∂p
= Â−1p, ṗ = −∂H

∂q



ṗ1 = −
(
m1ℓ1Ẋθ̇1 +m1gℓ1

)
sin θ1−

1

τ1
p1 +N1(θ1)

p1
|p1|

ṗ2 = −
(
m2ℓ2Ẋθ̇2 +m2gℓ2

)
sin θ2−

1

τ2
p2 +N2(θ2)

p2
|p2|

ṗ3 = −
(
m3ℓ3Ẋθ̇3 +m3gℓ3

)
sin θ3−

1

τ3
p3 +N3(θ3)

p3
|p3|

ṗX = −KX − 1

τX
pX
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Double Pendulum

Centers of mass:

x1 =
1

2
ℓ1 sin θ1, y1 = −1

2
ℓ1 cos θ1, x2 = ℓ1 sin θ1+

1

2
ℓ2 sin θ2, y2 = −ℓ1 cos θ1−

1

2
ℓ2 cos θ2

ẋ1 =
1

2
ℓ1 cos θ1θ̇1, ẏ1 =

1

2
ℓ1 sin θ1θ̇1, ẋ2 = ℓ1 cos θ1θ̇1+

1

2
ℓ2 cos θ2θ̇2, ẏ2 = ℓ1 sin θ1θ̇1+

1

2
ℓ2 sin θ2θ̇2.

Kinetic Energy:

T =
1

2
m1

(
1

2
ℓ1θ̇1

)2

+
1

2
L1θ̇

2
1

+
1

2
m2

((
ℓ1 cos θ1θ̇1 +

1

2
ℓ2 cos θ2θ̇2

)2

+

(
ℓ1 sin θ1θ̇1 +

1

2
ℓ2 sin θ2θ̇2

)2
)

+
1

2
L2θ̇

2
2

=
1

2
m1

(
1

2
ℓ1θ̇1

)2

+
1

2
L1θ̇

2
1 +

1

2
m2

((
ℓ1θ̇1

)2
+ ℓ1θ̇1ℓ2θ̇2 cos

(
θ1 − θ2

)
+

(
1

2
ℓ2θ̇2

)2
)

+
1

2
L2θ̇

2
2

=
1

2

(
m1

(
1

2
ℓ1

)2

+ L1 +m2ℓ
2
1

)
θ̇21 +

1

2
m2ℓ1ℓ2 cos

(
θ1 − θ2

)
θ̇1θ̇2 +

1

2

(
m2

(
1

2
ℓ2

)2

+ L2

)
θ̇22

=
1

2

(
θ̇1, θ̇2

)

(
m1

(
1

2
ℓ1

)2

+ L1 +m2ℓ
2
1

)
,

1

2
m2ℓ1ℓ2 cos

(
θ1 − θ2

)
1

2
m2ℓ1ℓ2 cos

(
θ1 − θ2

)
,

(
m2

(
1

2
ℓ2

)2

+ L2

)

(

θ̇1
θ̇2

)
≡ 1

2
θ̇tÂθ̇

Potential Energy:

U = −m1g
1

2
ℓ1 cos θ1 −m2g

(
ℓ1 cos θ1 +

1

2
ℓ2 cos θ2

)

Hamiltonian:

H =
1

2
ptÂ−1p+ U(θ); θ̇ = Â−1p, ṗ = −∂H

∂θ
.
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Equations of Motion:

θ̇ = Â−1p

ṗ1 =
∂L

∂θ1
= −1

2
m2ℓ1ℓ2 sin(θ1 − θ2)θ̇1θ̇2 −m1g

1

2
ℓ1 sin θ1 −m2gℓ1 sin θ1

ṗ2 =
∂L

∂θ2
= +

1

2
m2ℓ1ℓ2 sin(θ1 − θ2)θ̇1θ̇2 −m2g

1

2
ℓ2 sin θ2

Â =


(
m1

(
1

2
ℓ1

)2

+ L1 +m2ℓ
2
1

)
,

1

2
m2ℓ1ℓ2 cos

(
θ1 − θ2

)
1

2
m2ℓ1ℓ2 cos

(
θ1 − θ2

)
,

(
m2

(
1

2
ℓ2

)2

+ L2

)
 ≡

(
a, c
c, b

)

Â−1 =
1

det

(
b, −c
−c, a

)
, det ≡ ab− c2
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